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| think itis safe to say that no Development 
one understands quantum 
mechanics. Do not keep saying 
to yourself, if you can possibly 
avoid it, “But how can it be like 
that?” because you will get 
“down the drain” into a blind 
alley from which nobody has yet 
escaped. Nobody knows how it 
can be like that. 


- Richard Feynman 


Those who are not shocked 
when they first come across 
quantum mechanics cannot 
possibly have understood it. 


Richard Feynman (1 - Niels Bohr 
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In this chapter we consider four basic postulates of quantum mechanics, which when 
taken with the Born postulate described in Section 2.8, serve to formalize the rules of 
quantum mechanics. Mathematical concepts material to these postulates are developed 
along with the physics. The postulates are applied over and over again throughout the 
text. We choose the simplest problems first to exhibit their significance and method of 
application—that is, problems in one dimension. 
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3.1 OBSERVABLES AND OPERATORS 


Postulate 1 


This postulate states the following: To any self-consistently and well-defined observ- 
able in physics (call it A), such as linear momentum, energy, mass, angular momen- 
tum, or number of particles, there corresponds an operator (call it A) such that 
measurement of A yields values (call these measured values a) which are eigenvalues 


(3.1) 


of 4. That is, the values-a, are those values for which the equation 
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3, 
TABLE 3.1 Examples of operators 


Dox) = ϑφ(υ δα 
Ag(x) = —6?9(x)/dx? 
Mol γ) = Pox, y/ex ὃν 


lp=9 
Jy dx’ Dox) = Jo dx'o(x’) 
multiplication by F(x) Fo(x) = F(x)g(x) 
B = division by the number 3 Bo(x) = ἰτφα) 
operator that annihilates ᾧ τῳ =0 
P = operator that changes ¢ to a specific polynomial of @ Po = φ' — 397 -- 4 
G = operator that changes ¢ to the number 8 Go =8 


has a solution φ. The function ¢ is called the eigenfunction of Acorresponding to the 
eigenvalue a. 

Examples of mathematical operators, which are not necessarily connected to 
physics, are offered in Table 3.1. (Labels such as D, G, and M are of no special signifi- 
cance.) An operator operates on a function and makes it something else (except for the 
identity operator J). 

Let us now turn to operators that correspond to physical observables. Two very 
important such observables are the momentum and the energy. 


The Momentum Operator ἢ 


The operator that corresponds to the observable linear momentum is 
(3.2 p= —ihV 


What are the eigenfunctions and eigenvalues of the momentum operator? Consider 
that the particle (whose momentum is in question) is constrained to move in one 
dimension (x). Then the momentum has only one nonvanishing component, p.. The 
corresponding operator is 


(3.3) pe = —ihe 
ox 
\. The eigenvalue equation for this operator is 
(3.4) +. —ih igs 
Foe Ae ae P= Px? 


. The values p, represent the only possible values that measurement of the x component 
2 of momentum will yield. The eigenfunction g(x) corresponding to a specific value of 
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momentum (p,) is such that |@|? dx is the probability of finding the particle (with 
momentum p,) in the interval x, x + dx. Suppose we stipulate that the particle is a 
free particle. It is unconfined (along the x axis). For this case there is no boundary 
condition on ¢ and the solution to (3.4) is 


(3.5) og = Aexp (227) = Aelk* 


where we have labeled the wavenumber k and have deleted the subscript x. 


Ρ 


(3.6) ΚΞ Fé 


The eigenfunction given by (3.5) is a periodic function (in x). To find its wavelength 4, 
we set 
(3.7) = elke = οἰκία +) 
1 =e = coskA + isin ka 

which is satisfied if 
(3.8) cos kA = 1 

sinkA = 0 
The first nonvanishing solution to these equations is 
(3.9) kA = 20 


which (with 3.6) is equivalent to the de Broglie relation 


(3.10) p= 


We conclude that the eigenfunction of the momentum operator corresponding to the 
eigenvalue p has a wavelength that is the de Broglie wavelength h/p. 

In quantum mechanics it is convenient to speak in terms of wavenumber k 
instead of momentum p. In this notation one says that the eigenfunctions and eigen- 
values of the momentum operator are 


(3.11) φι = Ae™, p= hk 


The subscript k on ¢, denotes that there is a continuum of eigenfunctions and eigen- 
values, hk, which yield nontrivial solutions to the eigenvalue equation, (3.4). 
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The Energy Operator 


The operator corresponding to the energy is the Hamiltonian H, with momentum p 
replaced by its operator counterpart, p. For a single particle of mass m, in a potential 
field V(x), 


2 


és ae 
= — =-— γι 
(3.12) A πὰ + V(r) ΑΝ + V(r) 
The eigenvalue equation for A, 
(3.13) Ae(x) = Eg) 


is called the time-independent Schrédinger equation. It yields the possible energies E 
which the particle may have. Again consider the free particle. The energy of a free 
particle is purely kinetic, so 


A2 2 

φ(χ} h 
3.14 Η-- - -- - ν2 
ΘΙ 2 oh 


Constraining the particle to move in one dimension, the time-independent Schrédin- 
ger equation becomes 


he a3 
G19) 2m dx? Pe ΤΕ 
In terms of the wave vector 
2 2mE 
(3.16) ? =— 


(3.15) appears as 
(3.17) Qxx +p =0 


The subscript x denotes differentiation. For a free particle there are no boundary 
conditions and we obtain’ 


(3.18) op = Ae* = 
This is an eigenfunction of H which corresponds to the energy eigenvalue 
: h?k? 
3.19 = 
(3.19) E =F. 


We have found above (3.11) that the momentum of a free particle is hk. This is clearly 
the same hk that appears in (3.19), since for a free particle 


2 hh? 2 
(3.20) aa 


' The general solution of (3.17) is discussed in Section 5.3. 
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°3 We note also that the eigenfunction of A, (3.18), is also an eigenfunction of p (3.11). 

δ That A and βἴοτ ἃ free particle have common eigenfunctions is a special case of amore 

Ρ general theorem to be discussed later.! The following simple argument demonstrates 
this fact. Let 


(3.21) po = hk 


Let us see if ¢ is also an eigenfunction of A (for a free particle). 


" ες βᾷκφ) _ hk . 

(3.22) Ho=77 (pe) ἊΣ ee 
_ (hk)? 
~ 2m 


It follows that ¢ is also an eigenfunction of A. 
% Both the energy and momentum eigenvalues for the free particle comprise a 
continuum of values: 


(3.23) 


+ That is, these are valid eigenvalues for any wavenumber k. The eigenfunction (of both 
Fi and f) corresponding to these eigenvalues is 


(3.24) φι = Ae™ 


If the free particle is in this state, measurement of its momentum will definitely 
yield hk, and measurement of its energy will definitely yield (h?k?/2m). 
nr ye Suppose that we measure its position x; what do we find? Well, where is the 
particle most likely to be? Again we call on the Born postulate. If the particle is in the 
state @,, the probability density relating to the probability of finding the particle in 
the interval x, x + dx, is 


(3.25) \o,|? = [415 = constant 


The probability density is the same constant value for all x. That means we would be 
equally likely to find the particle at any point from x = -- οὐ tox = +0. This is a 
statement of maximum uncertainty which is in agreement with the Heisenberg 
uncertainty principle. In the state ¢,, it is known with absolute certainty that measure- 
ment of momentum yields fk. Therefore, for the state 9,, Ap = 0, whence Ax =o. 

We mentioned in Section 2.7 that E and t are complementary variables; that is, 
they obey the relation AE At > h. Specifically, this means that if the energy is uncer- 
tain by amount AE, the time it takes to measure E is uncertain by At > h/AE. Now for 
the problem at hand, in the state g,, it ig certain that measurement of E yields fik?/2m. 


po 


ἢ The commutator theorem, Chapter 5. 


Ε an λς Ra -- Ξ 
38 Se ol ΣΕ: art ob WR σας. =e. sal τι “τως βὲ 
9). οὐλορ.. sv. itis eisai iia 
ΒΡ. πὶ τὐρϑνοδὴ ὍΤΕ 
ete 2 Ψ Sein. τὸ τς ΤῈ τς a Ba ‘bial, es 1... 


= Be Px 6 
Se A CS at ORS AP ΝΕ κα Acs 


-.οΒ gr NS 0, δὰ o 
—erywudea eat Boys 8 Oy 3 ὃ τοὶ Mea ἢ 


τῶ, 


Therefore, AE = 0. To measure E we have to let the particle interact with some sort of : 
energy-measuring apparatus, say a plate with a spring attached to measure the ~ 
momentum imparted to the plate when the particle hits it head on. Well, if the plate 
with attached spring is placed in the path of the particle, how long must we wait 
before we detect something? We can wait 10 ὃ s—or we can wait 10'° yr. The uncer- 
tainty At is infinite in the present case, since there is an infinite uncertainty in Ax. 


PROBLEMS 


3.1 For each of the operators listed in Table 3.1 (Ρ, A, M, etc.), construct the square, that is, 
Dr ee 


Answer (partial) 


Ἵ 1 1 1 
p= [ ἀχφί(γ = J ax" [ dx'g(x') 
oO ο 0 
Po = Fo 
Bp = 30 
P29 = P(Pe) = (φ᾽ — 39? — 4)" — 3(φ᾽ — 39? — 4 — 4 
3.2 The inverse of an operator A is written 4~'. It is such that 
ΑΓ 1λφ-ἴῖφ- φ 
Construct the inverses οἵ ἢ, 7, F, B, ©, G, provided that such inverses exist. 
3.3 An operator 0 is linear if 
Olay, + be2) = ag, + bOg2 


where a and b are arbitrary constants. Which of the operators in Table 3.1 are linear and which are 
nonlinear? 


3.4 The displacement operator @ is defined by the equation 
Dfw=fe+9 
Show that the eigenfunctions of J are of the form 
9p = g(x) 
where 
g(x + ἢ = g(x) Reviadic GS 


and f is any complex number. What is the eigenvalue corresponding to φ, 7 


3.5 An electron moves in the x direction with de Broglie wavelength 107 ὃ cm. 
(a) What is the energy of the electron (in eV)? 
(b) What is the time-independent wavefunction of the electron? 


3.2 MEASUREMENT IN QUANTUM. MECHANICS 


Postulate II These ue wits ack ope owes ley Re tine oh wSedawaine ck. 


The second postulate? of quantum mechanics is: measurement of the observable A 
that yields the value a leaves the system in the state y,, where ¢, is the eigenfunction 
of A that corresponds to the eigenvalue a. 

As an example, suppose that a free particle is moving in one dimension. We do 
not know which state the particle is in. At a given instant we measure the particle's 
momentum and find the value p = hk (with k a specific value, say 1.3 x 10'° cm~*). 
This measurement? throws the particle into the state ~,, so immediate subsequent 
measurement of p is certain to yield hk. 

Suppose that one measures the position of a free particle and the position 
x = χ' is measured. The first two postulates tell us the following. (1) There is an 
operator corresponding to the measurement of position, call it X. (2) Measurement 
of x that yields the value x’ leaves the particle in the eigenfunction of X corresponding 
to the eigenvalue x’. 

The operator equation appears as 


(3.26) R5(x — x!) = χδα — x’) 


Dirac Delta Function 


The eigenfunction of has been written? 6(x — x’) and is called the Dirac delta 
function. It is defined in terms of the following two properties. The first are the 
integral properties 


cay πὶ [ γοῦδο — x) dx’ = FO) 
(3.27) 
Ε δία -- x) ἀχ' = 1 


! This postulate has been the source of some discussion among physicists. For further reference, see B. S. DeWitt. Phys. 
Today 23, 30 (September 1970). 


2 Measurement is taken in the idealized sense. More formal discussions on the theory of measurement may be found in 
K. Gottfried, Quantum Mechanics, W. A. Benjamin, New York, 1966; J. Jauch, Foundations of Quantum Mechanics, 
Addison-Wesley, Reading, Mass., 1968, and E. C. Kemble, The Fundamental Principles of Quantum Mechanics with 
Elementary Applications, Dover, New York, 1958. 


* More accurately one says that δία — x’) is an eigenfunction of ὶ in the coordinate representation. This topic is returned 
to in Section 7.4 and in Appendix A. 
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or equivalently, in terms of the single variable y 


f° £0080) - τῷ 


(3.28) = 

[ δι) dy = 1 
The second defining property is the value 
(3.29) d(y) = 0 (for y # 0) 


A sketch of 5(y) is given in Fig. 3.1. Properties of 6(y) are usually proved with the aid 
of the defining integral (3.27). For instance, consider the relation 
(3.30) : γδ) = --ὃο) 


To establish this relation we employ a test function f(y) and perform the following 
integration by parts. 


Ἁ : ae 
[ rowod= [ Sha a— |" 37, one 


(3.31) 5 δ if τ 
--{ oor Z+s)ay=— [δον 
which establishes (3.30). 
The student should not lose sight of the fact that %, when operating ona function 


f(x), merely represents multiplication by x. For example, Sf (x) = xf (x). It is only 


with regard to its own eigenvalue problem that £ assumes a somewhat more abstract 
quality. These topics will be returned to in Chapter 11 and discussed further in 
Appendix A. Ἐ 


1|ε 
6(y) =0,y #0 
μων ΞῚ 
ΝΣ δ) 
fs Οὐ) dy = ΚΟ) 

τ Ὁ {ε|2 -- FIGURE 3.1 Dirac delta function 5(y). 
~e/2 ef ¥ The curve is distorted to bring out essential 
features. A more accurate picture is ob- 

tained in the limit ε -- 0. 


PROBLEMS 


3.6 Establish the following properties of d(y). 
(a) 4(y) = δί--») 


(b) δΌ) = —6(-y) 
(Ὁ) yd(y) = 0 
(ὦ δίῳ) = a7 * 6) 
— Ὁ 4G — a’) = Qa)" [6(y — a) + δ + a)] 


© [δας yay - δ)ν = δ -- δ) 


(gs) 0ὐδὺ -- a) = f(a) dQ -- a) 
(h) νδΌῸ) = —d0)) 


ὦ [αλλ - αν 20) 


SQo)=a 


— 3.7 Show that the following are valid representations of 5(y): 


(4) 2nd6(y) = i εἰ» dk 


(Ὁ) 70(y) = lim any 
ee. 


Note: In mathematics, an object such as 5(y); which is defined in terms of its integral properties, is 
called a distribution. Consider all y(y) defined on the interval (— οὐ, 00) for which 


[tone ay < 


Then two distributions, 6, and 5,, are equivalent if for all y(y), 


| 76, dy = ia χδχ ἀν 
aes em 


When one establishes that a mathematical form such as ἴξε exp (iky) dy is a representation of 
6(y), one is in effect demonstrating that these two objects are equivalent as distributions. 


3.8 Show that the continuous set of eigenfunctions {6(x — x’)} obeys the “orthonormality” 
condition 2 


if d(x — x') d(x — x") dx = 5(x’ — x”) 


3.9 (a) Show that δίς.) = 0. 


(b) Evaluate 5(\/x? — a”). 
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3.3 THE STATE FUNCTION AND EXPECTATION VALUES 


Postulate ΠῚ 


The third postulate of quantum mechanics establishes the existence of the state 
function and its relevance to the properties of a system: The state of a system at any 
instant of time may be represented by a state or wave function w which is continuous 
and differentiable. All information regarding the state of the system is contained in 
the wavefunction. Specifically, if a system is in the state w(r, t), the average of any 
physical observable C relevant to that system at time t is ; 

ἐν Ξ rt oyedlobie 


(3:32) meas, ἐν = ROMO GGY = [γὼ ἐπ 


Dsl al “Shecke 
(The differential of volume is written dr.) The average, (ΟΣ, is called the expectation 
value of C. 

The physical meaning of the average of an observable C involves the following 
type of (conceptual) measurements. The observable C is measured in a specific 
experiment, X. One prepares a very large number (N) of identical replicas of X. The 
initial states y/(r, 0) in each such replica are all identical. At the time t, one measures C 
in all these replica experiments and obtains the set of values C,, C,,..., Cy. The 
average of C is then given by the rule 


N 
YG (N > 1) 


1 
33 ὌΣΞΞΞ 
(3.33) (OOS ἘΣ 
The postulate stated above claims that this experimentally calculated average (3.33) 
is the same as that given by the integral in (3.32). Another way of defining ¢C) is in 
terms of the probability P(C,). This function gives the probability that measurement of 
C finds the value C;. For <C), we then have 
(3.34) <C> = CPC) 
allC 
This is a consistent formula if all the values C may assume comprise a discrete set (6... 
the number of marbles in a box). In the event that the values that C may assume 
comprise a continuous set (e.g., the values of momentum of a free particle), <C> 
becomes 


(3.35) {C) = [σορῷ aC 


The integration is over all values of C. Here P(C) is the probability of finding C in the 

interval C, C + dC. 
The quantity (ΟΣ is also called the expeciation value of C because it is repre- 
sentative of the value one expects to obtain in any given measurement of C. This will 
13 
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E 
᾿ - 
be especially true if the deviation of values of C from the mean value ¢C) is not large. 
4h As discussed in Section 2.7, a measure of this spread of values about the value {ΟΣ is 
given by the mean-square deviation AC, defined through 


| (3.36) (AC)? = «(ὁ — (ΟΣ = KC?) — KC)? 
Ε 
cy In order to become familiar with the operational use of postulate ITI, we work 
out the following one-dimensional problem. A particle is known to be in the state 


- —, 2 i 
(3.37) W(x, ὃ = A exp & Χο) exp oe eXp (ἰωρ t) 
4a h 
The lengths x and a are constants, as are the momentum pg and frequency wy. The 
* (real) constant A is determined through normalization. This then ensures that *y is a 
numerically correct probability density. 


[ Ιψ12 dx = A?a | 6 512 dy = ./2n A?a=1 


πω 


(3.38) 


ἀρ ΤΣ 


} απ 


The nondimensional “dummy” variable ἡ and constant 7 are such that 


| Wee XING 
| a 
(3.39) x = a(n + No) 
_%o 
Serre 


‘ Having obtained A, we may now calculate the expectation of x: 


ΤΣ ἘΞ J Wey dx = i Wx dx 
(3.40) a Es 


oo 


= A2q? [ e774 +'no) dy = ano( aa? I 


=e 


eo an) 


which, with the normalization condition (3.38), gives 


(3.41) <x) = ano = Xo 


"- 
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Iwi = P(x) 


FIGURE 3.2 Gaussian probability density with variance a’, The variance measures the spread of P(x) 
about the mean, (x) = x. In quantum mechanics the square root of variance a is called the uncertainty in x 
and is denoted as Ax, so for the case under discussion, 


a = Ax = /<x?)— ¢xy? 


[Note that integration of the odd integrand ἡ exp (=n?) in (3.40) vanishes.] That Xo 
is the proper value for <x) is evident from the sketch of ||? shown in Fig. 3.2. 
If we call 


(3.42) I? dx = P(x) dx 


the probability of finding the particle in the interval X, x + dx, then 
(3.43) <x) = f XP(x) dx 


This is consistent with definition (3.35). 
The probability density 


P(x) = τς exp [Se] 


a,/2n 2a? 


is called the Gaussian or normal distribution, and a? is called the variance of x. Itisa 
measure of the spread of P(x) about the mean value em. 


| KX) = Xo 


As shown in Problem 3.10, the variance of x is the same as the mean-square deviation. 
(Ax)?. | 


(Ax)? = <x?) = <x)? = a? 4x9? - χοῦ = a? 


<n 9 


a If it is known that a particle is in the state ψ(χ) at a given instant of time, and that in 
π᾿. this state, <x) = xo, one may then ask: With what certainty will measurement of x 


find the value χοῦ A measure of the relative uncertainty is given by the square root of 
| 
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Ὁ the variance, Ax. If this value is large (compared to <x)), one may say with little 
certainty that measurement will find the particle at xo. If, on the other hand, Ax is 
small, one is more certain that measurement will find the particle at x = x9. In 
quantum mechanics Ax is called the uncertainty in x, introduced previously in Section 
2d. 


fd 


Next, we calculate the expectation of the momentum for a particle in the state Ww, 
(3.37). 


G44) φ»-| νην - [ἡ ψξου ἐν dx 


πω 


ao χα ih vires 
= Ata [ po + <n le? dn =\po( A2a J en"? dy 
ae 2a eg 


= Po 


It follows that the parameter ρο which appears in the state function ψ is the average 
value of p. In any given measurement of p, any of a continuum of values can be 
obtained. Only in the event that y is an eigenfunction of p would measurement of p 
yield one definite value (i.e., the eigenvalue corresponding to the said eigenfunction). 


1a 


PROBLEMS 
3.10 For the state ψ, given by (3.37), show that 


(Ax)? =a? 


Argue the consistency of this conclusion with the change in shape that | |? suffers with a change in 
the parameter a. 


3.11 Calculate the uncertainty Ap for a particle in the state y given by (3.37). Do you find your 
answer to be consistent with the uncertainty principle? (In this problem one must calculate ἐν: 
The operator p? = —h? 3,8χ2.) 
3.12 Let s be the number of spots shown by a die thrown at random. 

(a) Calculate <s>. 

(b) Calculate As. 
3.13 The number of hairs (N,) on a certain rare species can only be the number 2! (/ = 0,1, 2,..-). 
The probability of finding such an animal with 2! hairs is e~1/I! What is the expectation, (ΝᾺ 
What is AN? 
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3.4 TIME DEVELOPMENT OF THE STATE FUNCTION 


Postulate IV 


The fourth postulate of quantum mechanics specifies the[time development] of the 


state function y(r, t): the state function for a system (e.g., a single particle) develops in 
time according to the equation τος Suthiculer Coda rm vwback She Space eof 
th even sf, Χ΄ fuclation 16 time (43. 


; ἘΣ - 
(4) WAsahntnnrst ἐς Ἄς, Ὁ a at VS Bie) 


This equation is called the time-dependent Schrédinger equation.’ The operator Η is 
the Hamiltonian operator. For a single particle of mass m, in a potential field V(r), it is 
given by (3.12). If A is assumed to be independent of time, we may write 


(3.46) A = Ar) 


Under these circumstances, one is able to construct a solution to the time-dependent 
Schrédinger equation through the technique of separation of variables. We assume a 
solution of the form 


(3.47) WG, ὃ = φΩ Τί 
Substitution into (3.45) gives 


Fx df 
(3.48) ih = ἘΞ 
The subscript t denotes differentiation with respect to t. Equation (3.48) is such that 
the left-hand side is a function of t only, while the right-hand side is a function ofr only. 


Such an equation can be satisfied only if both sides are equal to the same constant, call 
it E (we do not yet know that E is the energy). 


(3.49) Aer) = Eg(r) 
δ᾽ “1Ε Σ 
(3.50) ie + τὸ T(t) =0 


The first of these equations is the time-independent Schrédinger equation (3.13). 
This identification serves to label E, in (3.49), the energy of the system. That is, E, as it 
appears in this equation, is an eigenvalue of A. But the eigenvalues of Η are the 
allowed energies a system may assume, and we again conclude that E is the energy of 
the system. 


‘A formulation of the Schrédinger equation that bas its origin in the classical principle of least action has been offered 
by R. P. Feynman, Rev. Mod. Phys. 60, 367 (1948). An elementary description of this derivation may be found in 
S. Borowitz, Quantum Mechanics, W. A. Benjamin, New York, 1967. 
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The second equation (3.50) is simply solved to give the oscillating form 
(3.51) T(t) = A exp (- = 


Suppose that we solve the time-independent Schrédinger equation and obtain 
the eigenfunctions and eigenvalues 


(3.52) Ao, = Ε,φ, 


For each such eigensolution, there is a corresponding eigensolution to the time- 
dependent Schrédinger equation 


(3.53) Vale, t) = Αφ,() exp (- = ἢ 


In equations (3.52) and (3.53) the index n denotes the set of integers n = 1,2,....This 
notation is appropriate to the case where solution to the time-independent 
Schrédinger equation gives a discrete set of eigenfunctions, {@,}. Such is the case for 
problems that pertain to a finite system, such as a particle confined to a finite domain 
of space. We will encounter this property in Chapter 4 when we solve the problem of a 
bead constrained to move on a straight wire strung between two impenetrable walls. 

In the one-dimensional free-particle case treated in Section 3.2, one obtains a 
continuum of eigenfunctions ¢,(x) and, correspondingly, a continuum of eigenvalues, 
E,. To repeat, these values are 


(3.54) Ag, = Ex 


h?k? 
(3.55) φᾳ = A exp (ikx), R= 
2m 


For each such time-independent solution, there is a solution to the time-dependent 
Schrédinger equation 


(3.56) W(x, Ὁ = Ae 29 
where we have labeled 
(3.57) ho = Ey 


The structure of the solution (3.56) is characteristic of a propagating wave. More 
generally, any function of x and t of the form 


(3.58) τα, ὃ =f vt) 


represents a wave propagating in the positive x direction with velocity v. To see this, 
we note the following property of f: 


(3.59) f(x+vAt,t+ Ad) =f(%, Ὁ 


ie) 
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FIGURE 3.3 Propagating wave, /(x, ἢ) = f(x — vt): (a) at time ¢; (b) at time 1 + Δι. 


At any given instant t, one may plot the x dependence of f (Fig. 3.3). If t increases to 
t + At, this curve is displaced to the right (as a rigid body) by the amount v At. We 
conclude from these arguments that the disturbance f (3.58) propagates with the 
wave speed v. : 

Now let us return to the free-particle eigenstate, (3.56), and rewrite it in the form 


(3.60) W(x, ὃ = A exp [(s = ἘΞ ὴ] 


ϑ 
Comparison with the waveform (3.58) indicates that (1) y, is a propagating wave 
(moving to the right), and (2) the speed of this wave is 
ἃ. ho p/m p _ ver 
k hk Ρ 2m 2 


(3.61) v 


The velocity vc, represents the classical velocity ofa particle of mass mand momentum 
p. Thus we find that the wave speed of the state function ofa particle with well-defined 
momentum, p = /ik, is half the classical speed, ve, = p/m. 

This discrepancy is due to the following fact. Suppose that we calculate the 
probability density corresponding to the state given in (3.56). We obtain the result that 


it is uniformly probable to find the particle anywhere along the x axis. This is not a 


τω 


ἦν 


ψία,ἢ 


FIGURE 3.4 Wave packet at a given 
instant of time 7. 


typical classical property οἵ ἃ particle. The state function that better represents a 
_classical (localized) particle is a wave packet. The shape of such a function is sketched 


(3.56) (a Fourier series). The velocity with which the packet moves is called the group 
velocity,* 


(3.62) vy = = 


For a wave packet composed of free-particle eigenstates, v, takes the value 


Oho a(h?k?/2m) _ hk 
se ape, wok OO" im 


i] 
3's 


= Vcr 


The value of k that enters the formula for v, is the value about which there is a 
superabundance of y, component waves. These topics will be more fully developed in 
Chapter 4. For the moment we are concerned only with the identification given in 
(3.63). 


PROBLEMS 
3.14 | Describe the evolution in time of the following wavefunctions: 


w, = Asin @t cos k(x + ct) 
2 = Asin (1075 kx) cos k(x — ct) 
W3 = A cos k(x — ct) sin [107 *k(x — ct)] 


3.15 What is the expectation of momentum <p) for a particle in the state 


Wx, t) = Ae“ e7 sin kx? 


' The concepts of phase and group velocities are returned to in Section 6.1 


in 


3.5 SOLUTION TO THE INITIAL-VALUE PROBLEM 
IN QUANTUM MECHANICS 


Functions of Operators 


The time-dependent Schrédinger equation permits solution of the initial-value prob- 
lem:{ given] the initial value of the state function Wr, 0), determine y(r, t). We will 
formulate the solution to the problem for a time-independent Hamiltonian. The more 
general case is given as an exercise (Problem 3.18). Fa 

First we rewrite (3.45) in the form 


ὃ il 
(3.64) < we.) + ve, =0 
at h 
Next, we multiply this equation (from the left) by the integrating factor U~* 


(3.65) U-! = exp (ἢ 


which is the inverse of 


Ἂ itH 
(3.66) U = exp (- I 
This function of the operator, A, is itself an operator. It is defined in terms of its Taylor 
series expansion. 
os itH\ ΠΗ͂ 1 /ith\? = 
(3.67) U exp ( 3 r+ ἢ + 511 + 


More generally for any operator A, the function operator f(A) is defined in terms of a 
series in powers of 4. A few examples are provided in the problems. 

Let us return to the problem under discussion. Multiplying the time-dependent 
Schrédinger equation through by the integrating factor (3.65), one obtains the 
equation 


ὃ ith 
(3.68) ae [es (eee ἢ =0 
Integrating over the time interval (0, t) gives 


(3.69) exp Gale ἡ — Wr, 0) = 0 
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ἘΝ Multiplying this equation through by U gives the desired result: 
itH βὰς 
(3.70) Wr, ὃ = exp {-- τ΄ Ἵψα, 0) = ὅψᾳ, 0) 
Here we have used the fact that 
(3.71) UU-! = exp “ee exp ΝΗ I 
h h 
where / is the identity operator. 
ya i Suppose that in solution (3.70) we choose the initial state to be an eigenstate of 
_H. Call it ¢,,, so that ae Ε ip ita 
(3.72) Wr, 0) = φ,() 
AQ, = En Qn 


i 


By virtue of the theorem presented in Problem 3.16, 


W,(r, ὃ = exp a Φ, = exp zl Pn 
h ἢ 


(3.73) = εἰ“ φρί) 
ho, = Ε, 


This is the solution of the time-dependent Schrédinger equation, derived in Section 3.4 
by the technique of separation of variables. The solution given in (3.70) is more 
general. It exhibits the development of an arbitrary initial state W(r, 0) in time. It will 
be used extensively in the chapters to follow, where the student will gain a more 
workable understanding of the equation. 


ip, 


"Σ Asa final topic of discussion in this chapter-we note the following. Suppose that 
a system is in an eigenstate of the Hamiltonian at t = 0, described by (3.72). At this 
(initial) time the expectation of an observable A is 


(3.74) GAY 6.= [νὰ 0) Aw(r, 0) dr = foro, dr 


What is <A) at a later time, t > 0? The state of the system at t > 0 is given by (3.73): 


(3.75) Ur, ὃ = e'°n'p, (x) 
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so that at t > 0 (assuming that @4/ét = 0), 
(A, = [VG OAV, ddr = et eHtem | oyh Ag a 


(3.76) = | ont do, dt = (AD, <0 


<A)i>9 = <A>iz0 [Πἃ Stationary state 


The expectation of any observable is constant in time, if at any instant in time the sys- 
tem is in an eigenstate of the Hamiltonian. For this reason eigenstates of the Hamil- 
tonian are called stationary states. 


(3.77) V(r, ἢ = e@"g,(r) ἃ stationary state 


In the first three sections of this chapter we encountered functions relevant to a 
system which are eigenfunctions of operators corresponding to observable properties 
of that same system. In what sense are these eigenfunctions related to the state function ἢ 

| of the system? From postulate II we know that ideal measurement of A leaves the 
system in the eigenstate of 4 corresponding to the value of A that was found in 
measurement. Thus, the state function of the system immediately after measurement 
is this same eigenstate of 4. The state function then evolves in time according to 
(3.70). i 


Daw 2-8-3992 C$28 QAM) 
Sat 5-9- ον θ᾽ αὐτῇ 
PROBLEMS 


3.16 Let the eigenfunctions and eigenvalues of an operator A be {¢,} and {a,}, respectively, 
so that 


AQn = In Pn 
Let the function f(x) have the expansion 
2 
710) = Yb" 
1=0 


Show that φ, is an eigenfunction of f(A) with eigenvalue f(a,). That is, 


L(A) on = £G)Pn 


3.17 If p is the momentum operator in the x ditection, and f(x) is an arbitrary “well-behaved” 
function, show that 


exp (2) f@)=fe+0 


The constant ζ represents a small displacement. In this problem the student must demonstrate 
that the left-hand side of the equation above is the Taylor series expansion of the right-hand side 
about ζ = 0. 
3.18 If Al is an explicit function of time, show that the solution: to the initial-value problem 
(by direct differentiation) is 

I 


W(r, t) = exp [- Ξ [ ἀφ να, 0) 


ο 
You may assume that A(t)A(t’) = A(t’)A(t). 


3.19. What is the effect of operating on an arbitrary function f(x) with the following two 
operators? 


(a) 0, = (67/ax*) — 1 + sin? (03/8x3) + cos? (03/8x?), 


(Ὁ) 6, = cos (20/ax) + 2 sin? (a/ax) + [« 


a 


3.20 (a) The time-dependent Schrédinger equation is of the form 


oy 
ae 
= ot ¥ 
Consider that a is an unspecified constant. Show that this equation has the following property. 


Let Η be the Hamiltonian of a system composed of two independent parts, so that 
A(x, X2) = Ay(x) + A(x2) 


and let the stationary states of system 1 be W,(x,, ἢ) and those of system 2 be (x, t). Then the 
stationary states of the composite system are 


WX, X2) = Wy (1, 2x2, ὃ ~ 


That is, show that this product form isa solution to the preceding equation for the given composite 
Hamiltonian. 

Such a system might be two beads that are invisible to each other and move on the same 
straight wire. The coordinate of bead 1 is x, and the coordinate of bead 2 is X2. 

(b) Show that this property is not obeyed by a wave equation that is second order in time, 


such as 


(c) Arguing from the Born postulate, show that the wavefunction for a system composed 
of two independent components must be in the preceding product form, thereby disqualifying 
the wave equation in part (b) as a valid equation of motion for the wavefunction w. 
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Answer (partial) 
(Ο) If the two components are independent of each other, the joint probability density 
describing the state of the system is given by 
Py, = P,P, 


This, in turn, guarantees that the probability density associated with component 1, 


Pi) = [ Py 2X1, X2) dx2 


is independent of the form of P(x) (and vice versa). The product form for P,, is guaranteed by 
the product structure for the wavefunction y/(x,, x2). 
3.21 It is established in Problem 3.20 that for the joint probability for two independent systems 
to be consistently described by the time-dependent Schrédinger equation, this equation must be 
of the form 

oy 

Ov eat 

“ot ¥ 

where a is some number. Show that for this equation to imply wave motion, a must be complex. 
You may assume that AT has only real eigenvalues. 


Answer 
Following development of the general solution (3.70), we find that the given equation implies the 
solution 


WG, ὃ = exp 2) wr, 0) 


Since AT has only real eigenvalues, the time dependence of y(r, t) is nonoscillating. It modulates 
W(r, 0) in time and does not give propagation. Thus, if a is real, yy cannot represent a propagating 
wave. (Note: The fact that a is complex implies that y is complex. These last two problems 
illustrate the necessity of complex wavefunctions in quantum mechanics.) 
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In this and the following two chapters, we continue development of physical principles 
and mathematical groundwork important to quantum mechanical descriptions. Included 
in the present chapter are the notions of Hilbert space and Hermitian operators. First, we 
obtain wavefunctions relevant to a particle in a one-dimensional box. These, together 
with previously derived free-particle wavefunctions, then serve as simply understood 
references for subsequent descriptions of Hilbert space and Hermitian operators. 


4.1 PARTICLE IN A BOX AND FURTHER REMARKS 
ON NORMALIZATION | 


In chapter 3 we solved the quantum mechanical free-particle problem. We recall that 
the free-particle Hamiltonian generates a continuous spectrum of eigenvalues, 
h?k?/2m, and eigenfunctions, p, = A exp (ikx), as given in (3.55). 

: The second one-dimensional problem we wish to treat is that of a point mass m, 
constrained to move on an infinitely thin, frictionless wire which is strung tightly 
between two impenetrable walls a distance L apart (see Fig. 4.1). The corresponding 
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Impenetrable walls 


FIGURE 4.1 One-dimensional “box.” 


potential has the values 


V(x) = 00 @ES0-—-x 2B) (domain 1) 


θῶ Vix) =0 (<x<L) (domain 2) 


and is depicted in Fig. 4.2. This configuration is known as the one-dimensional box.' 
The Hamiltonian for this problem is the following operator: 


(4.2) A,= 


Fat 00 = 00 (<0; x>L) (domain 1) 
Ρ 


(4.3) ἘΠ-Ξ (0<x<L) (domain 2) 


2m 
In domain 1 the time-independent Schrédinger equation gives ᾧ = Ὁ. For any 
finite eigenenergy E, in this domain the time-independent Schrédinger equation reads 


(4.4) Hyp = Ep 


Since ᾧ and E are finite, the right-hand side is finite. Therefore, the left-hand side 
is finite and @ must vanish in this domain, 

The fact that φ = 0 in domain 1 implies that there is zero probability that the 
particle is found there (|@|* = 0). This is in agreement with the discussion in Chapter | 
on “forbidden domajns.” These, we recall, are domains where E < V. Certainly, this 


is the case in domain 1 for any finite energy E. 


ΤᾺ mathematically more acctrate description of the one-dimensional box is: an infinitesimally thin, fiat sieee of finite 
extent and finite mass which moves between two walls of infinite extent. The two walls and sheet : 4 
the velocity of the sheet is Inormal to the walls. Every point in space is then characterized by one coordinate. the 
normal displacement of the sheet from either of the walls. 

| 
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V(x) 5 


Domain 2 


Domain | Domain 1 


FIGURE 4.2 Potential corresponding to the one- 
dimensional box. 


x 


In domain 2 the time-independent Schrédinger equation is 

δ hh? 832 
4.5 Ξ-- οι 
(4.5) Im Gxt Pn = En Pn 


The subscript n is in anticipation of a discrete spectrum of energies E, and eigen- 
functions ¢,,. 
Since φ, is a continuous function, it must have the values 


(4.6) 9n(0) = 9,(L) = 0 


First we rewrite (4.5) in the form 


83 
(47) 2 +k20, =0 
2mE, 
(48) κι = ξτς 


This is merely a change of variables from energy E,, to wavenumber k,. The solution 
to (4.7) appears as 


(4.9) 9, = Asink,x + Bcosk,x 

The boundary conditions (4.6) give 

(4.10) B=0 

(4.11) Ask, L = 6 

The second of these equations serves to determine the eigenvalues k,.. 
(4.12) He EPS ny, Seep o> SH Sequence 


This is seen to be equivalent to the requirement that an integral number of half- 
wavelengths, n(A/2), fit into the width L. 
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The spectrum of eigenvalues and eigenfunctions is discrete. To find the constant 
A in (4.11), we normalize 9, . 


L L 
[ Q,7 dx = 1- 4 sin? : ἀχ 
(413) ο ο uk 


APL ie APL 


1= sin? 0d0 = 


nt Jo 


The dummy variable 0 = nzx/L. 
It follows that the eigenenergies E, and normalized eigenfunctions φ, for the 
one-dimensional box problem are 


(4.14) E,=nE, Ε,- 


(4.15) 


The eigenstate corresponding ton = 0 is g = 0. This, together with the solution in 
domain 1, gives p = 0 over the whole x axis. There is zero probability of finding the 
particle anywhere. This is equivalent to the statement that the particle does not exist in 
the n = 0 state. Another argument that disallows the n = 0 state follows from the 
uncertainty principle. The energy corresponding to n = Ois E = 0. Since the energy in 
domain 2 is entirely kinetic, this, in turn, implies that the particle is ina state of absolute 
rest (Ap = 0), an illegitimate state of affairs for a particle constrained to move in a 
finite domain. 

The eigenenergies and eigenfunctions given by (4.14) and (4.15), together with 
the corresponding probability densities |¢,,|?, are sketched in Fig. 4.3. 


The Arbitrary Phase Factor 


In concluding this section we note the following important fact. As described in Section 
3.3, the wavefunction gives information about a system through calculation of 
averages of observable properties of that system, according to the rule 


<= [νῷ ἐχ 


This equation, as well as the normalization condition 


Ἰννα = 1 
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FIGURE 4.3 (8) Eigenenergies for the one-dimensional box problem. (b) Eigenstates for the one-dimensional 
box problem: i 


(c) Probability densities for the one-dimensional box problem: 


2. Ἤπχ' 
ΡΞ 2 — ςη2|--- 
2» = Pal sin ( L ) 


— Oand Barhore soe Gon ahanyS τὼ Rk δας Con Poy. 


are invariant under the transformation y > ej, where α is any real number. That is, a 
wavefunction is determined only to within a constant phase factor of the form εἰς. 
Although associated with all wavefunctions, this arbitrary quality has no effect upon 
any physical results.’ 


PROBLEMS 
4.1 What are the eigenfunctions and eigenvalues for the one-dimensional box problem described 
above if the ends of the box are at —L/2 and +L/2? 


42. For what values of the real angle 0 will the constant C = }(e” — 1) have no effect in calcula- 
tions involving the modulus |Cy|? 


1 On the other hand, component phase factors for a composite wavefunction such as that discussed in Section 2.5 do 
contribute to measurable effects, such as interference. 
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4.2 THE BOHR CORRESPONDENCE PRINCIPLE 


Let us now consider the classical motion of a particle in a one-dimensional box. 
As described previously, this configuration is effected by a bead sliding with no friction © 
ona taut wire strung between two impenetrable walls a distance L apart. If the particle 
is given a velocity v, its motion (between collisions with the wall) is 


X = Xo + vt 


Now suppose that the initial position x9 is compktely unknown. What is the proba- 
bility P dx of finding the particle in the interval x, x + dx, at a subsequent time? 
The answer is: the fraction of time dt/T it spends in this interval. 


oak ΠΡΟ ΞΕ vat. aX 
(4.16) " ἀκ τ εΞ ΞΕ Σ 
so that 
(4.17) ple τὸν μὴν 
ϑ ᾿ aes 


It is uniformly probable to find the particle at any position on the wire. If we make a 
large number of replicas of this one-dimensional system, measurement (at random 
times) of the coordinate x of the bead will find all values (0 < x < L) occurring 
equally often (Fig. 4.4). 


P(x) P,() 


ni 


(a) (b) 


FIGURE 4.4 (a) Classical probability density for the one-dimensional box. (b) Quantum mechanical 
probability density 


P, = ’φ, "1" 


for the one-dimensional bex problem, for the case ἢ > 1. The probability ?, vanishes 2 + τ΄ times in the 
interval (0, 1). 
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On the other hand, in the quantum mechanical case, if the particle is in the state 
3, say, the probability density P is peaked at x = (L/6, L/2,5L/6); see Fig. 4.3. In 
this case, measurement on an abundant number of replica systems finds the particle 
spending much of its time in the neighborhood of these three values of x. This 
situation is quite different from the classical case described above. Suppose we move 
to higher quantum states. At what values of x is the probability density P peaked? 
The solution is left to Problem 4.3, where one obtains that |@,, |? is peaked at the values 


(4.18) xj= 


ee HHO a 


As n becomes very large, the probability density oscillates with so large a 
frequency that it begins to assume a uniform quality. For any n, one can divide 
the interval (0, L) into n strips of equal width Ax such that in each strip the prob- 
ability |@,|? Ax of finding the particle is equal. For the classical case the number 
of such strips is infinite. In the quantum mechanical case, the same-situation is 
approached in the limit n — oo. 

One encounters this transition to classical physics from the quantum mechanical 
domain in many problems. Bohr was the first to analyze this transition and offered the 
general rule that a quantum mechanical result must reduce to its classical counterpart 
in the classical domain. Since classical formulas do not contain h, such a transition 
should be realized in the limit that ἢ becomes small. For many problems this limit is 
attained in passing to high quantum numbers (n > 00). This rule is called the Bohr 
correspondence principle. 

Classical physics includes the dynamics of macroscopic bodies. An aggregate 
of particles (e.g., a gas) obeys classical laws when the de Broglie wavelength, A, of a 
typical particle is small compared to all relevant lengths. For example, if the density 
of particles (number/cm?) is n, the gas obeys classical statistics if A <n~#/3 (the mean 
distance between particles is n~ ‘/). In the classical limit, fluctuations about the average 


become small and the probabilities indigenous to quantum mechanics reduce to 
certainties. 

A rule of thumb in this area is that any quantum mechanical result that does not 
contain his in essence a classical result. The first (fortuitous) example of this rule was 
Rutherford’s classical calculation of the Coulomb cross section, relevant to the 
scattering of charged particles. The correct quantum mechanical calculation of this 
parameter is found not to contain h. Rutherford’s classical calculation yields the 
same result. 

More examples of the correspondence principle will arise in the course of 
development of the text. Coulomb scattering is further described in Section 14.4. 
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PROBLEMS 


4.3 For the one-dimensional box problem, show that P = |g,|? is maximum at the values 

x = x; given by 

+1 
2n 


ie L, jf =0,1,2..4n-1 


of two state functions, (x) and (x), which appears as/ 


(4.19) _ Wier = [vee ax 


In Dirac notation, the integral on the right is written in the form shown on the left. 

More generally, the integral operation (|g) denotes: (1) take the complex 
conjugate of the object in the first slot ( — w*) and then, (2) integrate the product 
(ψ φ). This operation has the following simple properties. If a is any complex number 
and the functions Ψ and ¢ are such that 


Ν 


wo 


(4.20) J W*p dx < 0 
the following rules hold: 


(4.21) τς <Wlap> = ach e> 
(4.22) ~ {αΨΠ|ΦΣ = αἴζψ|φ) 
(4.23) — <hle>* = <ol> 
(4.24) - 9+ vl =< Ὁ {φ] 


(425), Ju + Wa)*(@1 + φῇ dx 


= thy + ψεῖφι + 92> = al + {ψεθ)φι + 12>) 
ες =<Wi 10rd + <tile2> + <W2lei> + <d2192> 


3 /The object <w | (called a “bra vector »yhas an inevitable fate. Eventually, it is integrated 
in a product form with a (“ket vector”) Ιφχ to form the “bra-ket,” {Ψψ|φ). 
Dirac notation is not complicated/ The properties above tell the whole story.” 
We move next to function spaces, where (|i) assumes 4 geometrical quality. 


4.3 DIRAC NOTATION 
In this section we introduce a notation that proves to be an invaluable tool in cal- 
_ culation, called the Dirac notation. It gives a monogram to the integral of the product 
| 93 


PROBLEMS 


4.4 Write the following equations for the state vectors f, g, and so on, in Dirac notation. 


(a) f(x) = σοῦ. 


(b) c= ference dx’. 
© ΤΟ τ Σ oe) f oeeferar. 
ὦ δεν | aver). 


ὃ 
© ξ Τὼ = ho [μανοῦ ax. 


4.5 Consider the operator Ὁ = |g)<i/| and the arbitrary state function f(x). Describe the 
following forms. 

(a) «6. 

Ones 

© <flolf>. 

(Ὁ <flOlg>. 


Answer (partial) 
(a) {7|0 is the bra vector C<y/|, where the constant C= <f|g> = Se f*@ dx. 


_44 HILBERT SPACE 


/ In this section we introduce the concept of a space of functions. Specifically we will 
deal with a Hilbert space’ This serves the purpose of giving a geometrical quality to 
some of the abstract concepts of quantum mechanics. 

We recall that in Cartesian 3-space a vector V is a set of three numbers, called 
components (V,, V,, V,). Any vector in this space can be expanded in terms of the three 
unit vectors e,, e,, e, (Fig. 4.5). Under such conditions one terms the triad e,, e,, 8.» 
a basis. 


(4.26) Ξε +e), + eV, 


The vectors e,, e,, ὃ; are said to span the vector space. _ 
The inner (“dot”) product of two vectors (U and V) in the space is defined as 


(4.27) V-U=¥4,U,+V,U,+ VU, 


The length of the vector V is \/V- V. 
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FIGURE 4.5 Vector V in Cartesian 3-space and its 
components (V,, V,, V.). The orthogonal triad (e,, e,, e.) 
spans the space. 
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A Hilbert space is much the same type of object. Its elements are functions instead 
of three-dimensional vectors. The similarity is so close that the functions are some- 
times called vectors. A Hilbert space § has the following properties. 


1. The space is linear. A function space is linear under the following two 
conditions: (a) If a is a constant and ¢ is any element of the space, then 
ag is also an element of the space. (Ὁ) If g and w are any two elements of 
the space, then + w is also an element of the space. 

2. There is an inner product, <|@)>, for any two elements in the space. For 
functions defined in the interval a < x < ὃ (in one dimension), we may take 


b 
(4.28) <ol> = | owas 
3. Any element of § has a norm (“length”) that is related to the inner product 
as follows: 
(4.29) (norm of 9)? = |p|? = <elg> 


4. § is complete. Every Cauchy sequence of functions in § converges to an 
element of 5. A Cauchy sequence {@,} is such that |/g,, — @;{! - Oasnand/ 
approach infinity. (See Probiem 4.24.) Loosely speaking, a Hilbert space 
contains all its limit points. 
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An example of a Hilbert space is given by the set of functions defined on the 
interval (0 < x < L) with finite norm 


L 
(430) lol?=[ orpar<m 5, 
0 


Another example is the space of functions commonly referred to by mathematicians 
as “L? space.” This is the set of square-integrable functions defined on the whole 
x interval. 


(431) lor =[" otpaxr< m8, 


Let us see how the preceding concept of inner product (4.28) is similar to the 
definition of the inner product between two finite-dimensional vectors (4.27). To 
see this we interpret the function g(x) as a vector with infinitely many components. 
These components are the values that @ assumes at each distinct value of its inde- 
pendent variable x. Just as the inner product between U and V is a sum over the 
products of parallel components, so is the inner product between g and ψ a sum over 
parallel components. This sum is nothing but the integral of the product of φ and w. 
The reason we complex-conjugate the first “vector” is to ensure that the “Jength” 
(square root of the inner product between a “vector” g and itself) of a vector ¢ is real. 

Thus we see that Hilbert space is closely akin to a vector space. Mathematicians' 
call it that—an infinite-dimensional vector space (also: a complete, normed, linear 
vector space). Elements of this space have length and one can form an inner product 
between any two elements. The vector quality of Hilbert space can be pushed a bit 
further. We recall that if two vectors U and V in three-dimensional vector space are 
orthogonal to each other, their inner product vanishes. In a similar vein two vectors 
in Hilbert space, ~ and ψ, are said to be orthogonal if 


(4.32) <ely> =0 


Furthermore, we recall that the three unit vectors e,, e,, and e, “span” 3-space. 
Similarly, there is a set of vectors that “spans” Hilbert space. For instance, the 
Hilbert space whose elements all have the property given by (4.30) is spanned by the 
sequence of functions {@,}, which are the eigenfunctions of the Hamiltonian relevant 


"A more mathematically accurate presentation of function spaces may be found in C. Goffman and G. Pedrick, First 
Course in Functional Analysis, Prentice-Hall, Englewood Cliffs, N.J., 1965. Another book in this but more directly 
related to quantum mechanics, is T. F. Jordan, Linear Operators for Quantum Mechanics, Wiley, New York, 1969. 
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FIGURE 4.6 Projection of ᾧ onto an orthonormal set of eigenfunctions in Hilbert space. 


to the one-dimensional box Problem (4.15). This means thatlany| function ¢ in this 
Hilbert space may be expanded in a series of the sequence {¢,}. 


(4.33) Q(x) = Σ An Py(X) 
n=1 


The geometrical interpretation of this relation is depicted in Fig. 4.6. The 
coefficient a, is the projection of φ onto the vector ¢,,. To see this, first we state a fact 
to be illustrated in the next section. The basis vectors {φ,} comprise an orthogonal set. 
That is, 


(4.34) CPrl@n 2 =O (αὶ π) 


Furthermore, φ, is a unit vector; that is, it has unit “length” 


(4.35) {φ,|φ,Σ = Pall? = 1 
These latter two statements may be combined into the single equation 
(4.36) <ul Pn > = Onn’ 


The symbol 6,, ,, is called the Kronecker delta and is defined by 
(4.37) Onn =O forn An, 6,7 =1 forn=n' 


Any sequence of functions that obeys (4.36) is called an orthonormal set. 
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To show that a, is the projection of ¢ into @,,, we first rewrite (4.33) in Dirac 
notation. - 


(4.38) : 19> = VlanQn> 


Then we multiply from the left by <@,,| and use the relation (4.36). 


Pn 19> = Σ᾿ <P lan Pn> 
(4.39) = Yan On| On> = Yn dy, ne = α,; 


Ay = (Pu |P> 


The coefficient a, is the inner product between the basis vector ¢,, and the vector φ. 
Since ¢,, is a “unit” vector, a, is the projection of ¢ onto φ, (Fig. 4.6). The student 
should recognize (4.33) to be a discrete Fouriér series representation of ¢, in terms 
of the trigonometric sequence (4.15). 


Delta-Function Orthogonality 


We will continue with the use of the labels 5, and 5, to denote the two Hilbert 
spaces defined by (4.30) and (4.31), respectively. As stated previously, the sequence 
{@,} given by (4.15) “spans” 5.1. The sequence {@,,} is a basis of §,. What are the vectors 
which span 5? The answer is: the eigenfunctions of the momentum operator β, 

kx 


(4.40) e 


ὡ-Ξ- 
Px Ve 


Let us see if this (continuous) set of functions is an orthogonal set. Toward these ends 
we form the inner product 


Ion Scher τς = = 
(4.41) <1 u> = - ei dx = δίκ' -- ODS st 
yf aes ks 


It follows that the inner product between any two distinct eigenvectors of the operator 
p vanishes. 

Any function in §, may be expanded in terms of the eigenvectors {@,}. Since 
this sequence comprises a continuous set, the expansion is not a discrete sum as in 
(4.33), but an integral. If p(x) is any element of §,, then since {@,} spans this space, 
one may write 


(4.42) e(x) = i b(K)e,(x) dk 


i 


το; 
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This is the Fourier integral representation of g(x). Again, the coefficients of ex- 
pansion b(k) is the projection of , onto g(x). Ee. exhibit this fact, we first rewrite the 
last integral in the form 


(4.43) joy= [ aki) 
Again, if this equation is compared to (4.38), we see how the sum over discrete a, 


values is replaced by an integration over the continuum of b(k) values. If we now multi- 
ply (4.43) from the left with <,.|, there results 


(44) Colo = [ ἀκζφν!δίοφι» = f° akb08) <x 10») 
= Hy adkb(k)o(k’ — k) = b(k’) 


The coefficient of expansion b(k’) is the inner product between g, and g, hence it 
may be termed a projection of ~ onto @,-. But @, does not appear to be a “unit” 
vector. Indeed, the vector @, is infinitely long. 


1 60. 
(4.45) ll = φιίφι = 6(0) = τι i dx = © 


Although this disqualifies the set {¢,} for membership in §,, they nevertheless span 
the space. They comprise a valid set of basis vectors and the projection of any function 
in , onto any member of the basis {@,} gives a finite result. If g is any function i in 
92, then 


(4.46) <19> < οὐ 


The functions {g,} may, through proper renormalization, be cast in a form which 
allows them to be members of §,. (See Problem 4.6.) 


PROBLEMS 
4.6 Consider the functions 
1 jikx 
Oe 
ak 


defined over the interval (— L/2, + L/2). 

(a) Show that these functions are all normalized to unity and maintain this normaliza- 
tion in the limit L > οὐ. 

(b) Show that these functions comprise an orthogonal set in the limit L > oo. 
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4.7 State to which space each of the functions listed belongs, 5, or 2. 
(a) fy = 8 — xt — εχ + Lx?)/(x — 21) 


(Ὁ) fo = (sin ye 


© f=Jinbe —-D)+1) 
(d@) fg = sin 2na[x(x — L)+ 1], n=0,1,2,... 
© fs =e? + a)? 
O> fe =a 
(Ὁ f; = 1/sin kx 
4.8 The function 
g(x) = x(x — Lye 


is in 5,. Calculate the coefficients of expansion, a,,, of this function, in the series representation 
(4.33), in terms of the constants L and k. Use the basis functions (4.15). 

4.9 Two vectors and ¢ in a Hilbert space are orthogonal. Show that their lengths obey the 
Pythagorean theorem, 


Iw + oll? = ll? + lel? 


4.10 Consider a free particle moving in one dimension. The state functions for this particle are 
all elements of 92. Show that the expectation of the momentum ¢p,) vanishes in any state that is 
purely real (W* = ψ). Does this property hold for <H>? Does it hold for Κα 


- 


4.5 HERMITIAN OPERATORS 


The average of an observable A for a system in the state w(x, 1) is given by (3.32). In 
Dirac notation this equation appears as (in one dimension) 


(4.47) «A> = fore DAW, ἡ ἀχ = (wl Ay 


Since t is a fixed parameter in this equation, we may conclude that the formula gives 
the expectation of A at the time t. Now one may ask: What are the possible state 
functions for a particle moving in one dimension at a given instant of time? The answer 
is: any function in §. For example, the particle could be in any of the following states 
at some specified time: 

Ce iD 


(4.48) ψ ΞΕ ον ee 2 We SS 
x Χ ΙΑ 


where B, C, and D are normalization constants. Again consider the observable A. 
If the average of this observable is calculated in any of these states (that is, any 
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member of 933), the result must be a real number. This is a property that we demand an 
operator have if it is to qualify as the operator corresponding to a physical observable. 
The object <y/|Aw> must be real for all y in 9.5. When working with the one-di- 
mensional box problem, <y| Ay) must be real for all y in §,. For example, if #7 is the 
operator corresponding to energy, then 


Wh? 6? 
Immoet 


(4.49) «ΕΣ = ψιῆψ»-- — [ 


must be real for any state function w in 9... νι 

These observations give rise to the following rule: In αὐδάν mechanics one 
requires that the eigenvalues of an operator corresponding to a physical observable 
be real numbers. In this section we discuss the class of operators that have this property. 
They are called Hermitian operators and are a cornerstone in the theory of quantum 
mechanics. 


The Hermitian Adjoint 


To understand what a Hermitian operator is, we must first understand what the 
Hermitian adjoint of an operator is. Consider the operator A. The Hermitian adjoint of 
A is written At. Under most circumstances, it is an entirely different operator from A. 
For instance, the Hermitian adjoint of the complex number c is the complex conjugate 
of c. That is, 


(4.50) ct -- οὗ 
How is the Hermitian adjoint defined? First, let us agree that_an operator is defined 
over a specific Hilbert space, §. Also if A is the operator and ψ is any element of Ὁ, 


then Ay is also in §. For any two elements of this space, say Ψι and w,, we can form 
the inner product 


(4.51) Wil Adn> 


Suppose there is another operator, At, also defined over §, for which 


(4.52) «ΑἸψιίψ, = | ψ, 


Suppose further that this equality holds for all y, and y, in 9. Then At is called the 
Hermitian adjoint of A. To find the Hermitian adjoint of an operator A, we have to 
find the object At that fits (4.52) for all w, and ,,. Consider A = a,a complex number. 
Then 


(4.53) Kalb = {ψιίαψ, = ail = <a*Wiltn> 


in 


do 


ww 
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Equating the first and the last terms, we see that at = a*. As a second example, con- 
sider the operator 


a 
(4.54) δ--- 


defined in §,. Then 
(55). ilDig> = [debit Sv, =< corverte~ [ ax(S ui), 


= {-ὀ ἡ ψι!ψ,» 
The “surface” term is zero since yy, and wy, are elements of >. Thus we find 
(4.56) Dt = -D 


For some cases we will find that the Hermitian adjoint of an operator is the operator 
itself. For such an operator A, we may write 


(4.57) At=A 


In terms of the defining equation (4.52), this implies that for all y, and y, in (over 
which A is defined), ae 


(4.58) (Wil Ava? = <A Wad 


Operators that have this property are called Hermitian operators. The simplest ex- 
ample of a Hermitian operator is any rea] number a, since 


(4.59) Wilabn> = <abilWn> 


If A and B are two Hermitian operators, is the product operator AB Hermitian? This 
is most simply answered with the aid of Problem 4.11(b), according to which 


(4.60) (4B) = 81:11 
If A and B are Hermitian, then 
(4.61) (AB) = BA 
and AB is not (necessarily) Hermitian. What about AB + BA? 
(4.62) (AB + BA)t = BtAt + 4181 = BA + AB 
= AB+ BA 
It follows that if A and B are both Hermitian, so is the bilinear form (AB + BA). 
Is the square of a Hermitian operator Hermitian? 


(4.63) (A?)t = (AA)t = AtAt = AA = (A)? 
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The answer is yes. Another way of doing this problem is as follows. Look at the inner 
product, Σ 


(4.64) © ψάλψι) = <A An) = (AAI I> 
The first equality follows because Ay, is in § and A is Hermitian, while the second 


equality follows simply because A is Hermitian. Comparing the first and third terms 
shows that A? is Hermitian. 


The Momentum and Energy Operators 


Let us test the momentum operator f and see if it is Hermitian. For the free-particle 
case, p is Hermitian if for all y, and y, in 52, 


(4.65) Wl PUn> = (ῥψε! n> 


Developing the left-hand side, we have 


66. vit(—in vq) ax = -ρίψονηςς το [ (Zve)vads 


oO 2 ὃ * 
[ (agers) boas = μὴν, 
This technique is, by and large, the principal method by which a specific operator is 
shown to be Hermitian. 

Having shown that pis Hermitian, it follows that the free-particle Hamiltonian, 
HA, is Hermitian. 4 


(4.67) A a 
2m 
2\ t 2 
(4.68) fit= (=) = ΤΕ Ξ 
[Recall (4.63).] For a particle in a potential field V(x), 
mr Ρ' 
(4.69) Η- ἘΣ + V(x) 


Since V(x) is a real function that merely multiplies (say in §,), it is Hermitian. 


(4.70) ᾧηνν,» = fo γένψ, ἀν = [ νφϑν, αν 


= [Udy ind = Milde 
It follows that A as given by (4.69) is Hermitian. 


PROBLEMS 


4.11 (a) Show that (aA + bB)t = a*At + b*Bt. 
(b) Show that (4B)t = Bt At. 
(c) What is the Hermitian adjoint of the real number a? 
(d) What is the Hermitian adjoint of 522 [See (4.54).] 
(6) What is the Hermitian adjoint of (4B — BA)? 
(f) What is the Hermitian adjoint of (AB + BA)? 
(g) What is the Hermitian adjoint of i(4B — BA)? 
(h) What is (4 
(i) What is (AtA)t? 
4.12 If A and B are both Hermitian, which of the following three operators are Hermitian? 
(a) i(AB — BA). 
(b) (AB — BA). 


(4) If Ais not Hermitian, is the product AA Hermitian? 
(e) If A corresponds to the observable 4, and B corresponds to B, what is a “good” 
(ie., Hermitian) operator that corresponds to the physically observable product AB? 


4.13 If A is Hermitian, show that 
<A> >0 


Answer (in 9.2) 
<A?) = J Yr Ary dx = a (Aw)* Ay dx 


= |Aw |? dx > 0 


4.14 If A is Hermitian, show that <A) is real; that is, show that <A>* = <A). 
4.15 For a particle moving in one dimension, show that the operator ὧβ is not Hermitian. 
Construct an operator which corresponds to this physically observable product that is Hermitian. 


4.6 PROPERTIES OF HERMITIAN OPERATORS 


The first property of Hermitian operators we wish to establish is that their eigenvalues 
are real, Let A be a Hermitian operator. Let {Pub and {a,} represent, respectively, the 
eigenfunctions and eigenvalues of the operator A. 


(4.71) A@n = α,φ, 
In Dirac notation 
(4.72) |Ag,> = |4,9,> or equivalently A|,> = a,|@,> 
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Multiplying from the left with <¢, | gives 

(4.73) <Pn|AQn> = {φ,}α,φ,) = Gn Pal On) 
Since A is Hermitian, we can write the left-hand side as 
(4.74) «(φ, φι) = Cy Pal Pn> = Gn* <ul nd 
Equating the last terms in the latter two equations gives 
(4.75) [2 3s 


and a, is real. - 

The second property of Hermitian operators we wish to establish is that their 
eigenfunctions are orthogonal. Again consider (4.72). Now multiply from the left with 
another eigenvector of A, <¢,|. There results 


(4.76) «φι!άφ,Σ = 4,611 n> 
Since A is Hermitian, the left-hand side of this equation can be rewritten 
(4.77) <4@119,) = αἰ ᾳφιφι = αι(φι! Pn> 


The eigenvalue a, is real because it is an eigenvalue of a Hermitian operator (ie, A). 
Subtracting the two equations above gives 


(4.78) (αι = 4n)< P| a> = 0 
Ifa, # a,, this equation says that 
(4.79) <P11Pn> = 0 


which is the expression of the orthogonality of the set of functions {@,}. If these 
functions are all normalized, then (4.79) may be generalized to read 


(4.80) P11 Pn> = Sin 


Thus, the eigenvalues of a Hermitian operator are real, and its eigenfunctions are 
orthogonal. 
PROBLEMS 


4.16 Show that ifan operator B has an eigenvalue δ. # b,*, then B is not Hermitian. 
4.17 Consider the operator C, 


Cox) = @*(x) 


(a) Ὁ Hermitian? 
(Ὁ) What are the,cigenfunctions of C? 
(c) What are the eigenvalues of C? 
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4.18 Given that the operator O annihilates the ket vector | f>, that is, ΟἹ {> = 0, what is the 
value of the bra vector { f |O'? Interpret the meaning of your answer. 


4.19 The parallelogram law of geometry states that: the sum of the squares of the diagonals of a 
parallelogram equals twice the sum of the squares of the sides. Show that this is also true in Hilbert 
space; that is, if y and ¢ are any two elements of a Hilbert space, then 


"Ψ + pl? + Ie — ll? = 2! ψ!’ + 2|φ|’ 


4.20 Show that the standard properties of cos @, together with the definition of the inner product 
between two vectors ᾧ and ψ, in §, with respective lengths, ||g|| and ||W||, imply the Cauchy- 
Schwartz inequality 


Kells lel wil 


4.21 Use the Cauchy-Schwartz inequality to prove the triangle inequality 


Ιφ + wil? < (ell + Ii)? 
4.22 Construct the squared length of (yy — φ) to show that 
Ill? + lol? = 2Κε {ψ|φ) 


4.23. Let the sequence {¢,} be an orthonormal basis in Ὁ. Let the sequence {cos θ,} represent the 
angles between the vectors {¢,} and an arbitrary element ψ in §. Using Bessel’s inequality, 


Σ onl? < I? 
n=1 


show that 


Under what circumstances does the equality hold? 


4.24 Every convergent sequence is also a Cauchy sequence. A sequetice {@,(x)} is a Cauchy 
sequence if 


lim |g, — | = 0 

no@ 

Ima 
A function space § is a complete space if every Cauchy sequence in § converges to an element of §. 
This is a requirement that a function space must satisfy in order that it be termed a Hilbert space. 
(See property 4 after Eq. 4.27.) Show that the space of functions on the unit interval with the 
property @(0) = (1) = 0 is not a Hilbert space. 
4.25 In addition to a complete space, one also defines a complete sequence. An orthonormal 
sequence {¢,} is complete in § if there is no vector w, in § of nonzero length (||| >0), which is 
perpendicular to all the elements in the sequence {¢,}. Show that if {g,} is an orthonormal basis 
of §, it is complete in Ὁ. 
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Answer 
Let {g,} be an orthonormal basis of §. Let y be an element of § with nonzero length, which is 
normal to all the elements of {¢,}. If {¢,} is a basis, then we may expand ψ, 


V = Yan Gn = Σ᾿ (φ2,)'ψδφ, 
7 
But is normal to all g,. Therefore, <@,|> = 0, which gives Ww = 0, so the hypothesis leads to a 
contradiction, hence the hypothesis is an incorrect statement and there is no such Ψ in §. 


4.26 Show that any operator A may be expressed as the linear combination of a Hermitian and 
an anti-Hermitian (Bt = — B) operator. 


, ΓΑΑΛ (A=At\ - 
gee ere) 


(Note: A + At and i(A — At) are both Hermitian.] 
4.27 Show that the wavefunctions for a particle in a one-dimensional box with walls at x = 0 
and L satisfy the equality 


Answer 


[ve de = — [ “Wel? dx 


The subscript x denotes differentiation. 

4.28 Use the equality proved in Problem 4.27 to establish the following variational principle. 
If the expectation f WAY dx is minimum, the normalized wavefunction y is the ground state, 
Specifically, establish the theorem for a particle in a one-dimensional box, assuming real wave- 
functions. 


Answer 
Apart from a constant factor and with the results of Problem 4.27, we may write 


(Hy 2 Ἢ " pvase [ gee 


Let y minimize (ΗΠ). Then infinitesimal variation of y causes no change in <H). Let y > w + dy. 
The variation dy is an arbitrary infinitesimal function of x that vanishes at x = Ὁ and L. Then 


cHy = [ude [e+ Ob9? ax = CH + 5H 
8H) = 2 [adie dx = 2 fu, £3 de =0 


Integrating the last term by parts and dropping the “surface” terms gives 


[Veco ax =0 


—ati | 
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Variation of the normalization statement (both Ψ and wy + dw are normalized) gives 
a f ψὸψ dx = 0 
where Δ is an arbitrary undetermined multiplier. Combining the last two equations yields 
L 
| 80. =a dx = 0 
0 


If this equation is to be satisfied for arbitrary variation of about the minimizing value, we may 
conclude 


Ure = Ap 


It follows that y is an eigenstate of A, in which case <H) isan energy eigenvalue which has minimum 
value for the ground state. 


5.1 
5.2 
5.3 
5.4 
ΒΞ 


CHAPTER 5 


SUPERPOSITION AND 
COMPATIBLE OBSERVABLES 


The Superposition Principle 

Commutator Relations in Quantum Mechanics — Maus Plylics 19 ον δε 7 
More on the Commutator Theorem 

Commutator Relations and the Uncertainty Principle 

“Complete” Sets of Commuting Observables 


In this chapter we encounter the superposition principle, which is considered by many 
to be one of the more fundamental concepts of quantum mechanics. This principle 
represents one of the basic differences between classical and quantum mechanics and 
also provides a deeper understanding of the uncertainty principle. Closely related to 
the superposition principle are the commutator theorem and the notions of compatible 
observables and simultaneous eigenfunctions. 


5.1 


Ensemble Average 


THE SUPERPOSITION PRINCIPLE DH Krone sdoierg chisin Qoc 


A. Strang suafet Pabstion . 


Consider again a particle in a one-dimensional box. Let us imagine a large number 
of identical replicas of the system (called an ensemble in statistical mechanics), such 
as described in Section 3.3. If each such box is in the same initia] state ψῴχ, 0), after 
an interval of time t, each box will again be in a common state (x, ἢ), as shown in 
Fig. 5.1. Suppose that we ask what the energy of the particle is in each box, at the 
time t. The laws of nature are such that the energy measured in each of the identical 
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W(x, 0) w(x, 0) W(x, 0) W(x, 0) 
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Ey Es 13 Ey 
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State 
of system 
at time ® 
tte 

oO L x x Oo L x 


FIGURE5.1 Measurement of energy of N identical one-dimensional boxes which comprise an “ensemble.” 
All boxes are in the same state at ¢ = 0. 
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boxes, which are all in the identically same state y/(x, t), are not the same [save for 
the case that w(x, 0) is an eigenstate of A]. —SxCe pt 
How does one answer the question above: What will the energy be? Since the 
energy measured at the time t in each box of the ensemble will most likely not be the 
same, more appropriate questions are: (1) What is the average of the energies mea- 
sured in all the boxes of the ensemble? (2) If we measure the energy in one box, with 
what probability will the value, say,-E,; be found? To answer these questions, we 
first recall that if the probability of finding the value E, in a given measurement of 
energy is P(E,), then the average energy over measurements of all members of the 
ensemble in the limit as this number becomes large is given by the expression 
(5.1) {EY =" Y PUEDE, 


all En 


sy 


1s 


"- 
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(Recall Eq. 3.34.) This formula holds for all physical observables. For example, the 
average particle position is given by 


iE 
(5.2) <x) = [ xP(x) dx 
ο 


In this case the integral is a sum over the continuum of values x may assume. 

The quantum mechanical prescription for calculating the average of a dyna- 
mical observable in the state w is given by the third postulate of quantum mechanics 
(Section 3.3, Eq. 3.32). Specifically, for the energy we have (in Dirac notation) 

(5.3) «(ΕΣ = (hl AY 

Let us expand the state y in the eigenstates of H. These eigenstates obey the 
equation 
(5.4) Ao, = Ε,φ, 


For the box problem they are explicitly (Eq. 4.15) 


G5) Qn = ἔ sin (3 


The expansion of in these eigenstates appears as 


(5.6) Ws) = ¥by(Oo(x) 
n=1 


The state w is that of the system at the time ¢, so that it is, in general, a function of ς ον 
x and t. Since ¢ φ, is a function of x only, the coefficients of expansion b,, may, in Beet (5.5.5 


‘be functions of time. 


In Dirac notation, (5.6) appears as 
67 IW) = Σ δι, 
Substituting this series into (5.3) gives 
(5.8) {E> = (x by, Pal Σ bios) 
= Σ Σ b,*b< On| HO 
= Σ Σ b,*b:Er<@nl > 
ἘΞ Σ Σ δ, δι Ε, δ, 


1, PE, 


it: 


Equating this average to that given by (5.1) gives 
(5.9) Yi lb. PE, = Σ᾿ PEE, 


This equation dictates the following interpretation of the square of the modulus of + 
δ,. It is the probability that at the time t, measurement of the energy of the particle 
which is in the state (x, t) yields the value E,,. 


(5.10) P(E,) = |b, |? 


These coefficients have the correct normalization, provided that the states yw and 9, 
are normalized. In this case we have 


(5.11) 1=Wlp = ( boul. buts) 
a 2 Σ b,*b Gal 01> 
= Σ Yb," b151 
=>) 1,)? =1 


When this is the case the coefficient |b, |? is an absolute probability. If not, the correct 
expression for the probability that measurement finds E,, is 
[by |? [by |? 


(5.12) PEE.) = TIbFICE ~ ΨΙΨΣ 


where 


Ι6,13 = <@nl@n> 


Let us return to the expansion (5.7). The coefficients b,, are calculated in the 
following manner. Multiply this equation from the left with the bra vector {φ,]. 
Owing to the orthonormality of the set {φ,}, one obtains 
(5.13) arf bn = <@nlW> 

mS 
The coefficient b, is the projection of w onto the eigenvector g,. The physical in- 
terpretation of δ, is that |b, |? is the probability that measuring E finds the value E, 
when the system is in the state ψ. This prescription is true for any dynamical ob- 
servable. Consider the symbolic operator F 


(5.14) FQ, = frQn 


Ata given time t, the system is in the state w(x, 1). What is the probability that measure- 
ment of F at this time finds the value f,? The state is a superposition state. It is 
———— 
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τῇ 
F = operator 
corresponding 
to observable 

F 


{tr}, f¥n} 


P(f,) = probability 
that measurement 
of F gives ἢ, = !b,!? 


When {f,,} is a continuous set, 
then: 

W= lb, % 7 Joon y(n) dn 
|b(n)|2dn = P(f) dn = probability 
that flies in interval f(n), f(n + dn) 


FIGURE 5.2 Elements of the superposition principle. 


% composed of the eigenstates of F. Here we are assuming that the pgcnstates, of F 
are a basis for the Hilbert space that y is in. So we may write 


(5.15) V= Lb Pn 
(5.16) δ, = <Pnl b> Ρ 
Η This assumption that an arbitrary state y may be represented as ἃ superposi- 


tion of the eigenstates of a physical observable is the essence of the superposition 
principle. With {g,} and y normalized to unity, the probability that measurement 
finds the value f; is |b3|?. This procedure is depicted in Fig. 5.2. 


[ν Hilbert-Space Interpretation 


When we look in Hilbert space, {@,} is one set of vectors and w is another vector. 
1 The system is in the state ψ. Measurement of F causes the state y to fall to one of the 
 @, vectors. Chances are that it goes to the @, vector to which it is most inclined (in 
the geometrical sense; see Fig. 5.3). 
Consider the following illustrative example. A particle of mass m is in a one- 
dimensional box of width L. At t = 0 the particle is in the state 


Ite 


392 +49. 


JB 


(5.17) W(x, 0) = 


to an 
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(a) (b) 


FIGURE 5.3 (a) State of the system before measurement at 1, superimposed on the basis {¢,,}, which are 
the eigenvectors of the operator F. The probability that measurement of F finds the value /,, is proportional 
to the projection of Ψ on φ,. (Ὁ) State of the system immediately after measurement has found the value ἡ. 
Measurement acts as a “wave filter.” It filters out all components of the superposition y/(x, 1) = Yb, (Ne,(x), 
passing only the ~, wave. 


The φ, functions are the orthonormal eigenstates of A: 


(5.18) On = β “ἈΠ 


What will measurements of E yield at t = 0 and what is the probability of finding this 
value? First let us see if y is normalized. In Dirac notation we have, for the state (5.17), 


(5.19) ly) = ae 


so that 


(5.20) «ΨΙΨΣ = 2s{(3<e21 + 4Xo1)(3102> + 41@5))} 
25{9<P21P2> + 12¢21o> + 12912 + 16<go|@o)} 
=1 


and yw is normalized. The inner products 92192)» = <Po|@o> = 1 while the other 
two are zero, owing to the orthogonality of the set {¢,}. 

The superposition principle stipulates the following. If we want the probability 
that measurement finds the value E,,, we must expand ψ in the eigenstates of H. The 
square of the magnitude of the coefficient of ¢, is the said probability. 


392 +4 
(5.21) v= bon = ers 
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In this simplified problem, by inspection we find that 


(5.22) by = 


b, =0 (n 4 2 or 9) 
Therefore, the probability P(E,) that measurement of E at t = 0 finds the value E,, is 


9 
P(E2) = 5 
(5.23) PEs) = 32 


P(E,) =0 (n #2 0r9) 


In an ensemble of 2500 identical one-dimensional boxes, each containing an 
identical particle in the same state (x, 0) given by (5.17), measurement of E at t = 0 
finds about 900 particles to have energy E, = 4E, and about 1600 particles to have 
energy Ey = 81E,. 

Is there a chance that in an ensemble of 1017 boxes, measurement of E finds 
E, in all 107 boxes? Yes. This remarkable response carries the philosophical impact 
of the superposition principle. Although the state (x, 0) is a precise superposition 
of well-defined eigenstates of the observables being measured, one is not certain what 
measurement will yield. There is nothing in classical physics that is similar to this 
concept. Any uncertainty in classical physics arises from uncertain initial data. In 
quantum mechanics, although the initial state w(x, 0) is prescribed with perfect 
accuracy, one is never certain in which eigenstate, φ,,, measurement will leave the 
system. 

However, once E is measured and, say, the value Ερ is found, then one knows 
with absolute certainty that the state of the system immediately after this measure- 
ment is φο. 


The Initial Square Wave 


As a second illustrative example, we consider the following free-particle problem 
in one dimension. Suppose that at t = 0 the system is in the state (Fig. 5.4) 


_ts Consider as preioalale - | fi 
(5.24) W(x, 0) 


ΒΕΞΕ 
hee 


| 0 elsewhere 
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W(x, 0) b(k) [bP 
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b> 2n/b 4π|ι 
Ak=4n/L 


FIGURE 5.4 Square wave packet at ¢ = 0 and corresponding momentum eigenstate amplitudes d(k), 
The interval oyer which momentum values are most likely to be found is Ap = h Ak = 4nh/L. 


If at this same instant, the momentum of the particle is measured, what are the 
possible values that will be found, and with what probability will these values occur? 


To answer these questions we must first expand w(x, 0) in a superposition of 
the eigenstates of β: 


1 x 
(5.25) = ——e* 


Since these states comprise a continuum, the corresponding superposition of eigen- 
States of ἢ is an integral. 


(5.26) W(x, 0) = J b(k)p, dk Jereral de inition 
Inverting this equation (see Eq. 4.42 et seq.) gives the coefficient b(k). 

Es 1 fe ᾿ 
(27). b= [ We, No dx = 1. ἘΞ [νὼ er a 

πο πι-α 

1 +L/2 ‘ 1 2 (@ikL/2 ra e7 ikL/2 

= i ee axe 5... ( 
2π|, Jun /2nk k 2i 


_ [2 sim(kEp2) 
ΠΧ ΠΕΝ fk 


» Again, this coefficient is the projection of the state W(x, 0) onto the eigenstate φι. 


Its square times the differential dk is the probability that measurement of momentum 
yields p = hk, in the interval hk, h(k + dk). The corresponding probability density 
(in momentum space) is 

2 sin? (kL/2) 


(5.28) (bl eis ἐς 


""»ο 
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This function has its maximum at k = 0. It drops to zero at 


e a 2S kL 
(5.29) 58 
or equivalently at 
2 pleads x 
(5.30) p= hk = a Ela 5 a a ae κε νὴ 


gard Wo ste ne ks 905 8:5. 
It is most probable that measurement of momentum finds the value p = 0. The 
momentum values (+n2zh/L) with n an integer greater than 1 are never found, for 


at these values, b(k) = 0. 
Referring to Fig. 5.4, we see that the interval of momentum values that measure- 
ments are most likely to uncover has the approximate width 


4π 

(5.31) Aki= = 
4th 
= h Ak =— 
Ap=h L 


On the other hand, from (5.24), it is uniformly probable that measurement of x finds 
the particle anywhere in the interval (— L/2, + L/2), of width 


(5.32) Ax = L 
Combining these two latter uncertainties (5.31 and 5.32) gives 
(5.33) Ax Ap ~h 


The approximation sign is used because of the qualitative manner in which Ap was 
calculated. The result (5.33) is another example of the Heisenberg uncertainty prin- 
ciple at work. 


The Chopped Beam 


To further exhibit the significance of the probability density |b(k)|?, we consider the 
following problem. Suppose that the free-particle system above is composed of N 
noninteracting electrons. Every electron is in the state w(x, 0) given by (5.24). The 
density p (number/length) is related to y through 


(5.34) number of particles in dx = p dx = N||? dx 


The total number in the whole “beam” is 
12 


(5.35) N= i p(x) dx = N i IW? dx = N 


—L/2 


——— παττπτΠ- -----ὉῸ-ἷβ΄ῤρτττΠΠΠΠΠ ΡΠ 
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yg Suppose that we now ask how many electrons have momentum in the interval 
(—2ah/L, +2nh/L), or equivalently, how many have wavenumber in the interval 
(—2n/L, +2n/L). For a single electron, the probability of finding an electron with 
momentum in the interval hk to hk + hdk is =a 


be 


(5.36) Ρ(Ὠ dk = |b(k) |? ak ays lane as 
Ξ This is a correct statement provided that ἊΡ 
(5.37) / |b(k)|? dk = 1 


If this is not the case, one must divide |b(k)|? in (5.36) by the last integral. 
Rl For a totality of N electrons in the beam, the number of them that have momen- 
tum in the interval hk, hk + hdk is 


(5.38) p(k) dk = N|b(k)[? dk 


The total number in the whole beam is 
(5.39) N= ἡ p(k) dk = nf |b(k)|? dk 
το πο 


{For the example at hand 


sin? (kL/2) 
dk 
gt Ε UE Lae 
RJoe jn? 


The dummy variable ἡ = kL/2. To return to the original question, the number of 
electrons AN in the beam with momentum in the interval (—2nh/L, +22h/L) is 
given by the integral 


(5.40) fF owe dk = = i 


ww 


+2R/L "2. Sin? (kL /D 
pe eee 


5.41 N=N si 
(5.41) AN =! ie ΞΞΞ.: 


N f** sin? ἢ 
=— | Sa N07d5N 
π : aw 


π-π 


Thus, we find a majority of the electrons in this momentum interval. 


4 Superposition and Uncertainty 


ππΦπΦΠΦᾳΒρΨΑᾳΦπΦιρ4Ψᾳἔἕμ«Ψ,οτττοορ.ν......τ.Ὄὦοὦὁὃὔὃἄὦἁ Χ Δὼ.{0ὕ0ὃὦ.ἀὰὺ 9. 


Let us return to the case of ἃ single electron in the state w(x, 0) given by (5.24). Sup- 
pose at this time, t = 0, we measure the electron’s momentum. What value do we i 
* find? The answer is: (a) the values p = n2nh/L are never found: (b) any other 
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value may occur with corresponding probability density |b(k)|?. Let the measure- 
ment find the electron to have the momentum 


seat 
=e 


Immediately after this measurement, what is the state of the particle? The answer is 


1 imx 
(5.43) va aeee (=) 


The electron is now in the state (5.43). Suppose that we measure the energy of 
the particle. What value is found? Since this state is also an eigenstate of A, it is a 
certainty that measurement yields 


(5.42) 


(π᾿) 


ω Ε- 
(ὁ) 2m 


The system is still left in the eigenstate (5.43). Suppose that we now measure the posi- 
tion of the particle. What values may occur? The probability density is 


1 
Sites 
(5.45) P = |p| ΞΞ 


which is ἃ constant. It is uniformly probable to find the electron anywhere along the 
whole x axis. The uncertainty in x is Ax = oo. For this same state it is certain that 
measurement of momentum finds the value πὴ 1,, so that Ap = 0. Again we find 
corroborating evidence for the Heisenberg uncertainty principle. 

Now we place a uniform array of scintillation detectors along the x axis. One 
of them scintillates at x = x’. What is the state of the electron immediately after 
measurement? The answer is the eigenstate of the position operator corresponding 
to the eigenvalue x’ (Fig. 5.5). 


(5.46) y = d(x. — x’) 
Now we measure mqmentum again. What values can be found? To answer this 


question, we again call on the superposition recipe: expand j in the eigenstates of p. 


1 ba i aoe Ὸ 
(547) Wo= 6x —x')= χὰ [ ee dk Jeneral deCinitisinu 


Chip, . be) va χε "Ὁ dx “Ὁ 
π 


The corresponding cep maniiges probability density is 


(5.48) Pk) = [BOP = τς 
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lo(k)I2 lp, (x) I? 
1/2n 
ko k ; x 


FIGURE 5.6 (a) In the state y= 9, = (1/J2n)etor, Ap =0 and Ax -- οὐ. (b) In the state 
W = d(x — x’), Ax = O and Ap = οὐ. 


It is uniformly probable to find the electron with any momentum along the whole 
k axis. The uncertainty in momentum is Ap = oo for the state (5.46), for which 
Ax = 0, and the uncertainty principle holds firm (Fig. 5.6). 

We have been using the phrase superposition principle, but have not given a 
concise statement of this principle. P. A. M. Dirac, one of the early investigators of 
quantum mechanics, was first to grasp the full significance of this principle. His 
description! is perhaps the most succinct. The superposition principle “requires us 
to assume that between . .. states there exist peculiar relationships such that when- 
ever the system is definitely in one state we can consider it as being partly in each of 
two or more other states. The original state must be regarded as the result of a kind 
of superposition of the two or more new states, in a way that cannot be conceived on 
classical ideas.” | 

The superposition principle is a cornerstone of quantum mechanics. We have 
used it previously in some elementary one-dimensional problems. We will return 
to it in the remainder of the text in relation to more extensive one-dimensional 


"PA. M. Dirac, The Principles of Quantum Mechanics, 4th ed., Oxford University Press, New York, 1958, 
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problems as well as more practical problems in two and three dimensions. A sound 
understanding of this principle is prerequisite to a working knowledge of quantum 
mechanics. 


PROBLEMS 


5.1 Ifan arbitrary initial state function fora particle in a one-dimensional box is expanded in the 
discrete series of eigenstates of the Hamiltonian relevant to the box configuration, one obtains (5.6) 


UC 0) = Y διθ)φ,) 


On the other hand, if the particle is free, its Hamiltonian has a continuous spectrum of eigen- 
energies and the superposition of an arbitrary initial state in the eigenstates ~, of A becomes an 
integral (5.26): 


wx, 0) = [ κώρφι dk 


(8) What are the dimensions of |b, |? and |b(k)|?, respectively? 
(b) What is the source of the difference in dimensionality? 
(0) What are the dimensions and physical interpretation of the integral 


[ |b(kK)|? dk? 


Answer (partial) 

(Ὁ) The term |b,|? represents a probability, whereas |b(k)|? represents a probability 
density. 
5.2 One thousand neutrons are in a one-dimensional box, with walls atx = 0, χ = L.Att= 0, 
the state of each particle is 

W(x, 0) = Ax(x — L) 

(a) Normalize w and find the value of the constant A. 

(b) How many particles are in the interval (0, L/2) at t = 0? 

(c) How many particles have energy Ες at t = 0? 

(4) What is ζΕΣ αι = 0? 
5.3 Using the expressions for g, and y given by (5.25) and (5.26), respectively, show that 


Wily Ξ 1-- { [b(k) |? dk = 1 


5.4. A pulse | m long contains 1000 « particles. Att = 0, each « particle is in the state 


pe" |x| < 50 cm, ky = 2/50 
0): τσ > Ko 
ὑ6 10) i elsewhere 


(a) Att = 0, how many « particles have momentum in the interval (0 «- hk < hk)? 
(b) At which values of momentum will « particles not be found at t = 0? 
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(c) Describe an experiment to “prepare” such a state. 

(4) Construct Ax and Ap for this state, formally. What is Ax Ap? [Hint: To calculate Ap, 
use {b(k)|?.J 
5.5 Att = Oit is known that of 1000 neutrons in a one-dimensional box of width 10~> cm, 100 
have energy 4E,, and 900 have energy 225E,. 

(a) Construct a state function that has these properties. 

(b) Use the state you have constructed to calculate the density p(x) of neutrons per unit 
length. 

(c) How many neutrons are in the left half of the “box”? 
5.6 Overa very long interval of the x axis, a uniform distribution of 10,000 electrons is moving to 
the right with velocity 105 cm/s and 10,000 electrons are moving to the left with velocity 105 cm/s. 
Assuming that the electrons do not interact with one another, construct a state function that yields 
the preceding properties for the combined beam, Calculate <p> for this state. 
5.7 Give an argument in support of the conjecture that one cannot measure the momentum 
of a particle in a one-dimensional box, with absolute accuracy. Support the theoretical argument 
with an argument involving an experiment. 
5.8 A one-dimensional box containing an electron suffers an infinitesimal perturbation and 
emits a photon of frequency 


hv = 3E, 


where E, denotes the ground state of the particle. A student concludes that the electron was in the 
state y, prior to perturbation. Is he correct? 


Answer . 
What the student has in mind is that the photon corresponds to the decay 


hv = E, = E, = 3E, 


However, suppose that the electron was in the superposition state (35 + 806)/./73. Then it is 
still possible that a photon of frequency hv = 3E, is emitted. So the student is incorrect. 
5.9 Measurement of the position of a particle in a one-dimensional box with walls at x = 0 and 
x = L finds the value x = L/2. 

(a) Show that in'subsequent measurement, it is equally probable to find the particle in any 
odd-energy eigenstate. ἢ 

(b) Show that the probability of finding the particle in any even-eigenstate is zero. (An 
eigenstate φ, is even if nis even and odd if n is odd.) 
5.10 It is known that at time 1 = 0, a particle in a box (described in Problem 5.9) is not in the 
right half of the box. The particle is in one ofan infinite number of states. Six such states are depicted 
in Fig. 5.7. i 

(a), Write down an approximate wavefunction for each of these states. 

(Ὁ) Calculate «ΕΣ for each of these states. 

(c) Argue that the state depicted in Fig. 5.7a is the state of minimum ΕΣ (assuming that 
Φ = Asin 2nx/L, x < L/2). 
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FIGURE 5.7 Six initial states for a particle in a one-dimensional box, with the property that ||? = 0 in 
the right half of the box. (See Problem 5.10.) 


5.11 A particle in the one-dimensional box described in Problem 5.9 is in the ground state. One 
of the walls of the box is moved to the position x = 2L, in a time short compared to the natural 
period 2x/w,;, where hw, = E,. If the energy of the particle is measured soon after this expansion, 
what value of energy is most likely to be found? How does this energy compare to the particle’s 
initial energy (E,)? 


5.2 COMMUTATOR RELATIONS IN QUANTUM MECHANICS 


An important operation in quantum mechanics is the commutator between two 
operators, 4 and B. It is written [A, B] and is defined as 


(5.49) (4, B] = 4B - BA 
An immediate property of the eon Ae is that 
(5.50) [A, B], = —[B,4] 
If 


(5.51) [A, B] = 
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the two operators are said to commute (A and B are. compatible) with each other. 
That is, 


(5.52) (4B Ba = (AB Bart 
Any operator A commutes with any constant a. 

(5.53) [4, a] =0 

(5.54) (A, aB] = [a4, B] = af A, B] 


Any operator A commutes with its own square, 42. 

(5.55) [A, A?] = (AA? — 4?4) = (444 — AAA) =0 

The meaning of this relation is that, no matter what A is, when [4, A?] operates on 
any function g(x), one gets zero, Sanileter 


(5.56) [A, A?]g(x) = 0 


More generally, A commutes with any function of A, f(A). 
(5.57) [f(A), A] = 0 


As an example of this rule, consider the following commutator involving the momen- 
tum operator p. 


(5.58) [ep] = ΙΣ τ ἢ 
n=o ἢ: 
ἘΞ 
= Lyle” 6 
= τι, δ] + (601+5,0% A] +---=0 


It follows that 


(6.59) [e?, Place) [= ( a as 


ax)’ ax | baci 


where g(x) represents any function of x. 
One of the most important commutators in physics is that between the coordi- 
nate, £, and the momentum, p. Let us calculate it. 
ὃ 


(5.60) [X, Plg@) = “{ ἘΞ 2 νὼ 
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In other words, the operator [%, f] has the sole effect of a simple multiplication by 


the constant ih. As an immediate consequence (using Problem 5.12) 
(5.62) ΓΖ, 67] = ΓΖ, 616 + PL, ΡῚ 
= 2ihp 
so that 
a 2 9 
(5.63) [3, B*lg(x) = 2h° τς 
In a similar vein, 
(5.64) [27,61 = 21%, 6) + ΓΖ, As 
= 2ihk = 2ihx 


The operator [X?, f] multiplies by 2ihx. 
We now prove an important theorem in quantum mechanics which is related 
to the commutator between two operators. It states: if 4 and & commute 


(5.65) [A, B] = 0 


then A and B have a set of nontrivial (i.e., other than a constant) common eigen- 
functions. The proof is as follows. 
Let φ, be the eigenfunction of A that corresponds to the eigenvalue a. 


(5.66) AQ, = 4, 
Then 
(5.67) BAg, = abo, 


Since A and B commute, the left-hand side of this last equation may be rewritten 
(5.68) A(Be,) = a(Be,) 


Inspection of this equation reveals that Be, is also an eigenfunction of A correspond- 
ing to the eigenvalue a. If @, is the only linearly independent (defined below) eigen- 


function of A that corresponds to the eigenvalue a, the function By, can differ from 


Pa by, at most, a multiplicative constant μ. That is, 


(5.69) : Βφ, = H@a 
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FIGURE 5.8 If Bo, is eigenvector of A corresponding to the 
eigenvalue a, Bo, and @, are in the same direction in Hilbert 
space 5. 


(Bg, and ug, are in the same direction in Hilbert space; see Fig. 5.8.) But this is the 
eigenvalue equation for the operator B. It follows that ¢, is also an eigenfunction 
of B. 

We have already encountered the implication of this theorem for the problem 
of the free particle moving in one dimension. For this case 


(5.70) ΓΡ, #] =0 


It follows by the theorem above that p and H have common eigenfunctions. They 
do. We recall that al 


(5.71) pe'** = hke'** 
Ae = nek? eikx 
2m 


Before pursuing the case when g, is not the only linearly independent eigenfunction 
of A corresponding to the eigenvalue a, we consider the definition of linearly in- 
dependent functions. 


Linearly Independent Functions 


When ‘is a set of functions a ‘linearly. independent set? The N functions of the set 
{,} are linearly independent if the linear combination 


N ΤΑΣ 2 2 
(5.72) Y An Pr= 0 Se Ξο 
n=1 sts Ss τσ 
for all x is only satisfied when arene S =i = 
an 
(5.73) λῖσξξ:λς = = 1, = 0 


For example, the two functions e* and sin x are linearly independent since 


(5.74) - Ae + A, sinx =0 


Ni ἧ ἧ π Λ“[Ῥ΄Ῥ earr ror ane = 


je 
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FIGURE 5.9 If {@;, 2, 3, Ya} are a linearly 
independent set, no two lie along the same axis in 
Hilbert space Ὁ. 


for all x is only satisfied by 
(5.75) Ay = Az =0 


The two functions e* and 3e* are not linearly independent since 
(5.76) A,e* + 3λχο = 0 

is true for all x if 

(5.77) Ay =.—3A2, 4.0 


The concept of linearly independent functions has an interesting geometrical 
interpretation in Hilbert space. If two “vectors” ~, and φ ina Hilbert space § are 
linearly independent, they do not lie along the same axis (line) in § (Fig. 5.9). Simi- 
larly, if the set of N vectors {¢,} are linearly independent, no two elements of this set 
lie on the same axis. If g, and @2 are linearly independent, one must “rotate” , 
to align it with p>. ig 3 Sin Srglein 5. af 53 

If φ, is the only linearly independent eigenfunction of A corresponding to the 
eigenvalue a, all eigenfunctions of A corresponding to a must be of the form μῷ,. 
The functions φ, and yg, are two linearly dependent eigenfunctions of A correspond- 
ing to the eigenvalue a. 

(5.78) A(u@,) = μᾶφ, = μαφ, = AUP.) 

How many such vectors are there? Since can be any constant, there is a continuum 
of such linearly dependent eigenfunctions of A corresponding to the eigenvalue a. 
In any given problem only one of these states is relevant. For bound_ states 
(1? > 0, |x| > 00), Ψ 15 fixed (and therefore μὴ by normalization. For an unbound 
state (Ψ12 #0, |x| > 00), wi is fixed through an appropriate boundary condition. 
The latter case is appropriate to . beam or scattering problems, where the boundary 
conditions usually involve stipulations on particle current or number density at 
|x| = co. These concepts are discussed in greater detail in Section 7.5, which con- 
cerns one-dimensional barrier problems. 
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‘PROBLEMS 


5.12 If A, 8, and Ὁ are three distinct operators, show that: 
ὦ τλ:.8.61-- ΓΑ. ΟἹ Ὁ B,C) 
(b) [AB, C] = ALB, 6] + [A, CIB 
5.13. If A and B are both Hermitian, show that 4B is Hermitian if [A, B] = 0. 


5.14. Show that the solution to the time-dependent Schrédinger equation given in Problem 
(3.18): that is, 


be en [- ; i ace) |v, 0) 
ο 


is correct, provided that 


(AQ, AC) τὸ (τ 1) 


Answer 

For (r, t) as given above to be a solution, the expansion 
Op Wg A 
ἘΠ w=e ae ae V7 


must be valid in order to obtain the Schrédinger equation (with i/h = 1). For this to be so, εἶ in 
the second term must precede A. Here we have set 


w= [ AW) dt’ 
ο 


We must show that 


a we 7 OW 
ΠΕΡ ΕΣ ΞΞΕΡΕ 
In general 
ὃ ΠΕ AL 23 
aM Hr l(lt+w+-W*?+-P? +. 
ot ot ay 


ow 1 pot OW x 
a” 2 Fee ee ae 


Thus the equality above holds if we are able to set 


In this case 


eens 
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In terms of the integral definition of W, the commutation criterion above becomes 
5. εἶ sz wa ai 
A(t) [πῶ dt’ = ([ A(t’) ar)AC) 
ὃ ο 


which is guaranteed if [A(#), A(r’)] = 0. 
5.15 Discuss the linear independence of the following sets of functions. 
(Ὁ {x, 3χ, 6} 
(0) {εἰς sin x, cos x} 
(Clr x7} 
(4)  {x, 3. sin? x, 4 cos? x, In x} 
5.16 If is an arbitrary constant, the two vectors g and μῷ in § are linearly dependent. Show 
that the cosine of the angle between these two vectors has modulus 1. 


[cos 0] = 1 


5.17 From Problem 5.16 we conclude that ¢ and μῷ lie along the same axis in. Show also that 
μῷ is |u| times longer than φ, that is, that (see Fig. 5.10) 


lel = lelllell 


5.18 Show that if Ag, = a,g, and Bg, = b,@, for all eigenvalues {a,} and {b,} of A and B, 
respectively (i.e., 4 and B have completely common eigenstates), then [A, B] = 0 on the space of 
functions spanned by the basis {@,,}. (Hint: Any element of this space may be written 


W =P Cnn 
and one need merely show that 


[A,B] Y cn Pn = 0.) 


Note: In a more general vein one may say the following: let the eigenstates common to A and B 
span a subspace Y of a Hilbert space §. Then [A, B]y = 0, where y is any element of 9. 


FIGURE 5.10 The vectors @ and μῷ in Hilbert 
space Ὁ lie along the same axis and | pp || = | | |||}. 
(See Problem 5.17.) 
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5.3 MORE ON THE COMMUTATOR THEOREM 


The Concept of Degeneracy 


Suppose there are two (and only two) linearly independent eigenfunctions of the 
operator A which both correspond to the eigenvalue a. Call them ~, and Φ2. 
(6.79) Ag, -- ag, 

Az = ἀφ, 
Under such circumstances one says that the eigenvalue a is doubly degenerate. The 
eigenfunctions ~, and @, are degenerate. Now we ask, what is the most general 


eigenfunction of A that corresponds to the eigenvalue a? The answer is, any function 
of the form 


(5.80) Pa = ἀφ; + BQ; 
with « and β arbitrary constants. Let us test that this is the case. 
(5.81) Ag, = Aa, + Bop2) = aap, + Bag, 


= aap, + Bor) 

In Hilbert space the two functions g, and 2 span a plane (two-dimensional 
subspace). Equation (5.80) indicates that any vector %, in this plane is an eigen- 
function of A corresponding to the eigenvalue a (Fig. 5.11). 

Let us return to the commutator theorem discussed in Section 5.2. The opera- 
tors A and B commute. If we operate on the first of Eqs. (5.79) with B and use the 
commuting property of A and B, there results 


(5.82) BA, a a(Bo,) = A(Bo,) 


We conclude that Be, is an eigenstate of A that corresponds to the eigenvalue a. 
But there is a continuum of such eigenstates, all of the form (5.80). All we can say 
is that there are some ἃ and f such that 


(5.83) Bo; = μίαφι + Bor) 


FIGURE 5.11 If o, and @, are two linearly inde- 
pendent degenerate eigenvectors of A, they span a 


Ag; kL ayy “plane” (two-dimensional subspace) in Hilbert space 
Et: §. Any yector in this plane is an eigenvector of A 
Ag, = apy corresponding to the eigenvalue a. 


5.151 


WwW 
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FIGURE 5.12. Various cases pertaining to the sets of eigenfunctions of two compatible operators, 4 and B. 
(A, B] = 0. (a) eigenfunctions of A = all eigenfunctions of B. (Ὁ) A has only nondegenerate eigenfunctions. 
(Ὁ B has only nondegenerate eigenfunctions. (4) [A, B) = [B, C] = [A, C] = 0. A has only nondegenerate 
eigenfunctions. 


Inspection of this equation [compare with (5.69)] reveals that φι need not be an 
eigenfunction of B. 

So we have the following rule: If [4, B] = 0, and a is a degenerate eigenvalue 
of A, the corresponding eigenfunctions of A (which all have the same eigenvalue, a) 
are not necessarily eigenfunctions of B, Loosely speaking, degenerate operators 
have “more” eigenstates than nondegenerate operators. This concept may be il- 
lustrated in terms of the Venn diagrams depicted in Fig. 5.12. 

A very simple physical example of this situation is provided by the problem 
of the free particle moving in one dimension. The eigenvalue 


ἢ 2κ2 
(5.84) eee 
2m 
of the Hamiltonian [see (3.17)] 
Arras? 
(5.85) ἤιε ιῆς 
2m 
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is doubly degenerate. All of the following functions are eigenfunctions of Al cor- 
responding to this eigenvalue. 


(5.86) (91, 92, 93) = {(Cos kx, sin kx, exp (ikx)} 


This is not a linearly independent set. However, any two are, so that for the free 
particle the eigenvalue (5.84) is doubly degenerate. For example, the two linearly 
independent functions, say 


(5.87) ἶφι. 92} = {cos kx, sin kx} 


both have the eigenvalue f7k?/2m. Although [/, H] = 0, for the free particle, the 
set of functions (5.87), being degenerate eigenfunctions of energy, need not be eigen- 
functions of p. In fact, they are not. 

Another linearly independent set of degenerate eigenstates corresponding to 
the eigenenergy h?k?/2m is {@2, p3}. Of these, 3 is an eigenstate of f and φ; is not. 
Of the set {¢1, @3}, φι is not an eigenstate of β, and again φ is. 

When there are n (and only n) linearly independent eigenstates of an operator 
A that all correspond to the same eigenvalue, the eigenvalue is n-fold degenerate. 
Suppose that [A, B] = 0. What can then be said is that from these n degenerate 
eigenstates of A, one can form n linear combinations which are n linearly independent 
eigenstates of both A and B. <7 ae 

For instance, from the two degenerate eigenstates (5.87) in the free-particle 
problem above, we can form 
(5.88) φι =O; + ig, = coskx + isin kx = e* 


—ikx 


(5.89) φ. = %; — ig, = coskx —isinkx =e 


These two functions are common eigenstates of A and p. They remain degenerate 
eigenstates of H but are nondegenerate eigenstates of p. 


PROBLEMS 


5.19 Construct two linearly independent linear combinations of 2 and. given in (5.87) 
which are common eigenfunctions of A and p. 

5.20 Given that & and operate on functions in 2 and the relation [%, p] = ih, show that if 
& = x (e., multiplication by x), 6 has the representation 


ὃ 
p= τῆς + 70 
| Ox 


| 4 
where f(x) is an arbitrary function of x. 
[Note: Dirac has shown that through proper choice of phase factor (Section 4.2), the arbitrary 
function f may always be made to vanish. Thus, the basic commutator relation between % and p 


' Dirac, The Principles of Quantum Mechanics. 


wo 


swore 
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is equivalent to explicit operator forms for these variables. Listing of such commutator relations 
may serve in place of postulate I (Section 3.1).] 

5.21 The operators A and B both have a denumerable number of eigenstates. Of these, the single 
eigenstate φ is known to be common to both. That is, 


Ag = a9, Bo = bg. 


(a) What can be said about the commutability of A and B? 
(b) Suppose that it is further known that all the eigenstates of A and B are degenerate. 
Does this additional information in any way change your answer to part (a)? 


5.4 COMMUTATOR RELATIONS AND THE UNCERTAINTY PRINCIPLE 


As we have seen above, owing to the fact that for a free particle, p and A commute, 
they have a set of simultaneous eigenfunctions. Namely, any function of the form 


(5.90) φ = Ae 


is a common eigenstate of both p and Ai. If the system (particle) is in this state, it is 
certain that measurement of p gives hk and measurement of energy gives h?k?/2m. 
Since (5.90) is a common eigenstate of ἢ and Al, measurement of p, which (absolutely) 
gives hk, leaves the particle in the state (5.90). Subsequent measurement of E gives 
h?k?/2m and also leaves the particle in the state (5.90).! The operators A and β are 
compatible; that is, they commute. Quantum mechanics allows p and E to be simul- 
taneously specified (for a free particle). Furthermore, there is only one (unique) 
state which gives these two values, the state (5.90). ᾿ 

Although there exists a state in which both energy and momentum may be 
specified simultaneously, the same is not true for the observables ἃ and β. There is 
no state in which measurement is certain to yield definite values of x and p. Measure- 
ment of p leaves the system in an eigenstate of p (5.90). Subsequent measurement of 
x is infinitely uncertain. The state (5.90) is not an eigenstate of ζ. Conversely, measure- 
ment of x that finds x’ leaves the system in the eigenstate of ζ, 


(5.91) ως Ψ Ξ dx -- x’) 


\ Here we mean an ideal measurement. This is a measurement which /east perturbs the system. Any real measurement 
causes the system to suffer a greater perturbation. After the energy of the particle in the state (5.90) is measured, ideal 
measurement maintains that state. However, it is also possible that after finding #7k?/2m, the particle is in any linear 
combination of the independent degenerate energy eigenfunctions of Ἡ which correspond to this eigenvalue 
(e.g. 2 cos kx + β sin kx). However, measurement that leaves the particle in this state must have interfered with the 
momentum, since this state is a superposition of momentum eigenstates. Measurement that leaves the system in the 
original state (5.90) does not perturb the momentum. It is the ideal measurement of energy. 


COMMUTATOR RELATIONS AND THE UNCERTAINTY PRINCIPLE 1 ᾿ 


When the particle is in this state, measurement of momentum is infinitely uncertain. 
For the free particle, there are states in which the uncertainty in energy and 
momentum obeys the relation ee 


(5.92) AEAp = 0 


On the other hand, in any state, the uncertainties in observation of p and x are such 
that the product Ap Ax is always greater than a fixed magnitude. 


(5.93) Ax Ap st 


It is quite clear at this point that these uncertainty relations have their origin 
in the compatibility properties (5.51) of the operators that correspond to the ob- 
servables being measured. 

Suppose that two observables A and B are not compatible: 


(5.94) [A, 8] =C #0 


For example, such is the case for displacement and kinetic energy. Then one can show 
the following’: If measurement of A, in the state w, is uncertain by the amount AA, 
then measurement of B is uncertain by the amount AB, such that? 


(5.95) AA AB > 3|<C| 


We recall (Section 3.3) that the uncertainty of an observable A in the state w is the 
root mean square of the deviation of A away from the mean <A). 


(AA)? = (ὦ — ¢A))?> = (A?) - CAD? 
Expectation values in (5.95) are calculated in the state ψ. For example, 


(5.96) <C> = <wIC>, (AA)? = (A - <A> WI(A — KAD) 

The mechanism at work behind these uncertainty relations is as follows. If A 
and B do not commute, then the eigenstate φ, of A which the system goes into on 
measurement of A is not necessarily an eigenstate of B. Subsequent measurement 
of B will give any of the spectrum of eigenvalues of B with a corresponding probability 
distribution P(b). This probability distribution is obtained from the coefficients in the 
expansion of φ, in the eigenstates φ, of B. he 


(5.97) P(b) = (91 @.> 


(with {g,} and {@,} normalized). Remeasurement of A is then in no way certain of 
finding the system in the state ~,. Ξ 


2 This generalization of the uncertainty principle is sometimes called the Robertson=Schrodinger relation [H. P. Robertson, 
Phys. Rev. 35, 667A (1930); E. Schrédinger, Sitzungsber. Preuss. Akad. Wiss. (1930), p. 296]. 
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1 , We note that the commutator-uncertainty relation, (5.94) and (5.95), is among 
the more fundamental relations in quantum mechanics. In addition to its important 
practical significance, it stands as an immutable barrier separating quantum and 
classical physics. 


PROBLEMS 
5.22 How do the states for a free particle 
φὶ ='Ae*™* 
2 = Boos kx 


differ with regard to measurements of momentum and energy? 


5.23 Fora particle in a one-dimensional potential field V(x), show that 
h 
AE Ax > — <p,> 
2m 


ἐς 5.24 Consider three observables, A, B, and C. If it is known that 


show that 
A(AB) AC > 4<A? + Β3) 


5.25 Obtain uncertainty relations for the following products 

(a) Ax AE 

(b) Ap, AE 

(Ὁ) Ax AT 

(ὦ Ap, AT 
relevant to a particle whose kinetic energy is T and whose total energy is E. (A closely related 
example is discussed in Problem 2.30.) 


5.26 If g(x) is an arbitrary function of x, show that 


di 
[p.. 91 = ~in 2 
x 


d. 
5.27 If g(x) and f(x) are both analytic functions, show that 
9A) Γ(φ) = gla) f(@), — where Ap = ap 


5.28 The time-dependent Schrédinger equation permits the identification 


E= int 
δι 
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Using this identification together with the rule (5.95), give a formal derivation of the uncertainty 
relation : 


AE At > 4h 


Note that in a stationary state (eigenstate of A), AE = 0. The implication for this case is that a 
stationary state may last indefinitely. 

5.29 Can the total energy and linear momentum of a particle moving in one dimension in a 
constant potential field be measured consecutively with no uncertainty in the values obtained? 


5.30 If 
[A, B] = iC 
and A and B are both Hermitian, show that C is also Hermitian. - 
5.31 Prove that if A and B are Hermitian, [A, B] is Hermitian if and only if (4, 8] = 0. 


Answer (partial) 
Set [A, B] = K. Then Καὶ = —Kt. But Rt = R, hence Καὶ = —K. 
5.32 (a) Obtain an uncertainty relation for mass and time from the relativistic mass-energy 
equivalency formula. 

(b) A free neutron has a mean lifetime of ~ 105 5. Apply the uncertainty relation found in 
part (a) to find the uncertainty in the neutron’s mass. 


Answer (partial) 
(b) Am ~ 10-77 amu (M, ~ 1 amu) 


5.5. “COMPLETE” SETS OF COMMUTING OBSERVABLES 


We have already seen that for the free particle in one dimension, the eigenvalues of 
Al are doubly degenerate. The two eigenfunctions of A corresponding to the 
eigenvalue f*k?/2m are exp (+ikx) and exp (—ikx). However, once we specify what 
p is (say +hk), in addition to E, then one can say that the system is in one and only 
one state, exp (+ikx) (to within a multiplicative constant). Merely prescribing the 
energy of the particle does not uniquely determine the state of the particle. Further 
specifying the momentum removes this ambiguity and the state of the particle is 
uniquely determined. 

Suppose that an operator A has degenerate eigenvalues. If a is one of these 
values, specifying a does not uniquely determine which state the system is in. Let B 
be another operator which is compatible with A. Consider all the eigenstates {Part 
which are common to A and B. Of the degenerate eigenstates of A, only a subset of 
these are also eigenfunctions of B. Under such conditions, if we specify the eigen- 
value b and the eigenvalue a, then the state that the system can be in is a smaller set 
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than that determined by specification of a alone. Suppose further that there is only 
one other operator C which is compatible with both 4 and B. Then they all share a 
set of common eigenstates. Call these states φ,ν- Then 


AQave = Pave 
(5.98) Bare = bP are 
C@ave = Pave 


These functions are still a smaller set than the set {~,} or {Pap}. Indeed, let us consider 
that @,5¢ is uniquely determined by the values a, b, and c. This means that having 
measured a, b, and c: (1) Since @,,- is a common eigenstate of A, B and C, simul- 
taneous measurement (or a succession of three immediately repeated “ideal” measure- 
ments) of A, B, and C will definitely find the values a, b, and c. (2) The state Pay. 
cannot be further resolved by more measurement. This state contains a maximum 
of information which is permitted by the laws of quantum mechanics. (3) There are 
no other operators independent of A, B, and Ὁ which are compatible with these. If 
there were, the state ~,,, could be further resolved» An exhaustive set (in the sense 
that there are no other independent operators compatible with 4, B, and C) of com- 
muting operators such as A, B, and C above, whose common eigenstates are uniquely 
determined by the eigenvalues a, b, and c and are a basis of Hilbert space, is called a 
complete set of commuting operators. 


Maximally Informative States 


The values a, b, and c, which may be so specified in the state Pape, are sometimes 
referred to as good quantum numbers. These are analogous to the generalized co- 
ordinates whose values determine the state of a system classically. As discussed in 
Section 1.1, such classical coordinates are also labeled good variables. 

Suppose that there are, in all, five independent operators that specify the prop- 
erties of a system: A, B, C, D, and F. Of these, A, B, and Ὁ are compatible with one 
another and ἢ and F are compatible. However, these two sets are incompatible with 
one another, so that, for example, 

(5.99) [A, D] 40 


One can simultaneously specify either the eigenvalues a, b, and ς or the eigenvalues 
dand f. One cannot, for instance, say that the system is in a state for which measure- 
ment of A definitely gives a and measurement of D definitely gives d. For this case 
there are two sets of states that are maximally informative: {Pare} and {Par}. Suppose 
that A has degenerate eigenvalue a. What is the state of the system after one has 
measured and found a? The state lies in a subspace of Hilbert space which is spanned 
by the degenerate eigenfunctions that correspond to a. This subspace §, has dimen- 
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sionality %, (a is an W,-fold degenerate eigenvalue). After measurement of B, the 
state of the system lies in the space 3345. which is a subspace of §, and is spanned by the 
eigenfunction common to A and B. This subspace has dimensionality ”,,, which is 
not greater than /,. 


(5.100) Na sNo 


Subsequent measurement of C (mutually compatible with 4 and B) leaves the state 
of the system in a space ὅμως that is a subspace of 5,, and whose dimensionality 
does not exceed that of 5,,. 


(5.101) ΣΣΞΣ ΤΣ 


abc > 

In this manner we can proceed to measure more and more mutually compatible 
observables. At each step of the way the eigenstate is forced into subspaces of lesser 
and lesser dimensionality, until finally after the successive measurement of A, B, C, 
D,... the state of the system is forced into a subspace of dimensionality N = 1. This 
is a space spanned by only one function. It is the eigenstate common to the complete 
set of observables (A, B, C, D,...): namely, Pascq--- - This state cannot be further re- 
solved by additional measurements. Measurement of any of the observables 
(A, B, C, D,...) in this state is certain to find the respective values (a, b, c,d, . ..). 


PROBLEMS 
5.33 (a) Show that for a particle ina one-dimensional box, in an arbitrary state w(x, 0), 
«ΚΕ = Ey 


(b) Under what conditions does the equality maintain? 
5.34 A free particle at a given instant of time is in the state 


Ἶ Α 
” 6k 
At this same instant, (ideal) measurement of the energy finds that 
= hk? 
τὸς ποτ 


The measurement leaves the momentum uncertain. Under such circumstances, what is the state ᾧ 
of the particle immediately after measurement? 


Answer 

Since the momentum is uncertain after measurement, we know that the state is not one of the 
eigenstates of momentum @,,. Instead, one may say that the state vector lies in a subspace of 5 
spanned by the vectors cos kg x and sin kg x. 


Ww =acoskyx + Bsinkyx 
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The coefficients « and β are proportional to the projections of y on cos kox and sin kox, re- 
spectively. Since 


<y|sin kgx> = 0 
it follows that after measurement, the state of the particle is 
ᾧ = acos kox 


5.35 Show that 
εἴβοτῖ = B+ (4,8) + 141A, B+ lA ΓΑ, 14,8 +: 


(Hint: Taylor-series expand f= e4Be~4 about ἡ = 0. Also note the derivative property 
of fn: af/an = [A, f1) 
5.36 Show that 

18 -- eft BQ1/2)14, 8] 
given that Α and B each commutes with ΓΑ, 8]. (Hint: First show that fe’, B] = ne"4CA, 81. 
Then establish that the derivative of 


eBy—niA+B) 


and integrate.) Note that for B < 1, one may always write 


. πε σα ὥς ς 
εβιῖ τ 8) ~ ρβΑ ΒΒ — (1/2084, B) 


This relation is important in statistical mechanics, where β plays the role of inverse temperature 
and A + B is the Hamiltonian. 

5.37 The operator A has only nondegenerate eigenvectors and eigenvalues, {¢,} and {a,}, What 
are the eigenvectors and eigenvalues of the inverse operator, A~' 71s your answer consistent with 
the commutator theorem? 

5.38 (a) Construct a one-dimensional wave packet that has zero probability density outside a 
domain of length L at time t = 0 and which has average momentum <p> = +hkg. That is, it is 
propagating to the right. : 

(b) The wave packet collides with a mass m. What is the probability that the mass is 
deflected to the left with momentum —hko/4x?(Assume that complete momentum exchange occurs 
simultaneously at t = 0. The mass is located at the origin.) 

5.39 Show that the expectation of an observable A ofa system that is in the superposition state 


Wx, ἢ = Yb, pee" 
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may be written in the form 


<A) = 2D b*b <n] AD cos (@, = ὧδε ἘΣ 16, 1᾿(π| Alm) 


n>1 n 


for {b,*b,} and <n|A|I real. The states ¢, exp (i@,t) are eigenstates of the Hamiltonian of the 
system. Here we are writing |n> for 9,. 
5.40 What is the average <x) and square root of variance Ax for the following probability 
densities? 

(a) P(X) = ΑΓ + ἃ -- x0)? 


ὦ P(X) = Axe 7/20" 


mt = 2 
© P(x) = Asin? πὰ 4 sx] ap {- (ea 


5.41 (a) Show that for a particle in a one-dimensional box with walls at (—L/2, L/2) 


h 
AP ain = V <P? ymin = 31. 
(Ὁ) Show for this same configuration that 


LE 
Ax max = \/<X7) max = = 
23 
(c) In which states are Api, and Ax,,,x realized? 
(d) From part (a) obtain the following momentum uncertainty relation for this con- 


figuration: 
h 


LA = 
ΡΞ: 


5.42 Given that A and B are Hermitian operators and that 


[A, B] = iC 
show that 

3 AA AB > 3|<C)| 
i Answer 
4 Δ The uncertainties in A and B, when written in terms of the operators 
ἢ z ~ 
| 6, =A—<A)> 

5, = B— <B) 


2. appear.as 
(AAP? = «δ, ψ!δαψ) = ᾿δαψ! 
(AB)? = Πδαψ!’ 


τ 


1@ 


= 


τόν 
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These expressions may be incorporated into the Schwartz inequality (Problem 4.20). 
There results 


6,7 oaWll? = dav lday>?? 
(AA)(AB)? = |b, Wldn>? = [CW 16452W>P? 


The latter equality is due to the Hermiticity of 6,. We now recall that any operator can be written 
as a linear combination of two Hermitian operators: 


SSF Seu τοῖν Fariatios ef ik shout ies 
5408 = 5 bade + 804) + 5 [0a δρ] =G τὸ 


Here we have used the fact that [ὃ,, δ,] = [A, B]. Substituting the expression above into the 
preceding inequality gives 


i 
(AA)?(AB)? 5 Ke | (ο ee cw) 
Owing to the Hermiticity of G and C, their expectation values are both real. It follows that 


(AA)*(AB) > |<G)|? + $1KC>P? = 41K)? 


2 


2 i 
= Kes ἜΘ ΚΣ 


CHAPTER 6 


TIME DEVELOPMENT, CONSERVATION 
THEOREMS, AND PARITY 


6.1 Time Development of State Functions 

6.2 Time Development of Expectation Values 

- 6.3 Conservation of Energy. Linear and Angular Momentum 
6.4 Conservation of Parity 


In this chapter we pursue the study of time development of the state function in greater 
generality than we did in our previous discussion in Chapter 3. This description leads 
naturally to the concept of constants of the motion in quantum mechanics and again to 
the notion of stationary states. The distortion of a wave packet in time is obtained with 
the aid of the free-particle propagator. Classical motion of the packet is obtained in the 
limit h - 0. The significance to physics of constants of the motion was described in 


Chapter 1. We now find that such constants stem from related fundamental symmetries . 


in nature. In the two chapters to follow, the principles and mathematical formalism 
developed to this point are applied to some practical one-dimensional problems. 


6.1 TIME DEVELOPMENT OF STATE FUNCTIONS 


The Discrete Case 

Let us recall the recipe for solution to the initial-value problem in quantum mechanics 
(Section 3.5). The initial-value problem poses the question: Given the state w(x, 0), at 
time t = 0, what is the state at r > 0, W(x, t)? The answer is: Eq. 3.70. 


ves 0) 


(6.1) (x, ἢ = exp ( ; : 
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We recall that the exponential operation is written for its series representation, 


(6.2) exp (=) =1= if - AX" pass 


Suppose that this exponential operator operates on an eigenfunction 9, of A. 
Then Η͂ as it appears in the exponential is simply replaced by E,,; that is, 


(6.3) exp (=). = exp (=). 


As an application of this property we consider the problem of a particle in a one- 
dimensional box with walls at (0, L), which is initially in an eigenstate of the Hamil- 


tonian of this system. 


(6.4) ψ,(α, 0) = Pn) 


Then the state at time t is 


- ἰῇ 
Yale ἢ = EXP (= exe = ex) 
a(x, ἢ = € ep, (x) 


(69 ho, = E, = πἼΕ, 


As described in Section 3.6, the time-dependent eigenstates, W/,(x, ἢ) of Ay, are called 
stationary states. We recall a very important property ofa stationary state (3.76)—that 
the expectation of any operator (which does not contain the time explicitly) is constant 
in a stationary state. As an example ofa stationary state, consider the n = 5 eigenstate 
of the problem at hand, 


(66) ab hh erostan ἢ a (=) 


The eigenstate w, oscillates with the frequency 25E£,/h. Both real and imaginary 
parts of w5(x, ἢ are standing waves. The expectation of energy in this state is constant 
and equal to 25E,. 

Suppose. on the other hand, that (x, 0) is not an eigenstate of A. Under such 
circumstances, to determine the time development of (x, 0) one calls on the super- 


position principle and writes y(x, 0) as a linear superposition of the eigenstates of A. 


Wx, 0) = Σ ba Pal) 


(6.7) b, = (φ)εέ! ψᾷ, 0)> 


- -“- - 
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FIGURE 6.1 Initial state 
5 fai i J) 
a re (2zx/L) + 2sin ext) 
E Js 


If we now invoke (6.1), the calculation of W(x, t) becomes tractable. 


W(x, ὃ = exp = a) xs, δ,φ,(χ) 


τῆι 
(68) i =pb, ep (= ; Fou) 


= 1 bye τος Οὐ 
hog =E, = n*E, 
This solution indicates that each component amplitude b,, oscillates with the 


corresponding angular eigenfrequency «,,. 
Consider the specific example in which the initial state is 


(69) Wx, 0) ᾿Ξ sin (2πχ.1} - sin (πχ.1}) 


This state is depicted in Fig. 6.1 and is simply the superposition of the two eigenstates 
2 and φ;. That is, in the expansion (6.7), one obtains 


(6.10) 
=O (for all other n) 


The state of the system at t > 0 is given by (6.8). 


(6.11) να ἢ ΓΕ se sin (22x/L) a sin ah) 


Vv 
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How are these time-dependent solutions related to experimental observations? Let 
us rewrite (6.8) in the form 


(6.12) Wx, ἢ = Σ δι(ὴφ,() 
so that ,(t) now includes the exponential time factor 
(6.13) 5,(t) = ε΄ οὶ 


Suppose that the energy is measured at t > 0. What values will result, and with 
what probabilities will these values occur? As in Section 5.1, calculation of the expec- 
tation of E yields 


(6.14) <E> = ¥ 16, (t) PE, 


Again, we find that the square of the coefficient of expansion b,(t) gives the proba- 
bility that measurement of E at the time t finds the value E,,. 


(6.15) PEE,) = 1B,()P 

For the state (6.9) this probability distribution is 
P(E,) = ὁ 

(6.16) P(E2) = ξ 


P(E,)=0 (for all other n) 


For the initial state (6.9), at any time t > 0, the probability that measurement of 
energy finds the value E, is +. Similarly, the probability that measurement finds the 
value 4E, is 4. i 

What is the expectation of E at t > 0 for the initial state (6.9)? 


(e~H¥gy| + (Qe, IA le #92) + Ml2e 9.) 
5 


(6.17) <EDis0 = 


_ Ey 148, 
--5- 


The “cross terms” vanish due to orthogonality of the eigenstates of A, and one finds 
that the expectation of energy is constant in time. More generally, for any isolated 
system, in any initial state: (1) the probability of finding a specific energy E, is con- 
stant in time; (2) the expectation (E> is constant in time. 

These rules follow directly from (6.13)-(6.15). 


8 
= (ἔλι-ο = 5 Fi 


P(E,) = 1B,(O/? = et iontg—i@nth *p, 
(6.18) P(E,) = |b, |? = constant in time 


(6.19) «ΕΣ = ¥|b,(t) PE, = ¥ |ba|?E, = constant in time 


ὡ 


The Continuous Case. Wave Packets 


Next, consider the problem of a free particle moving in one dimension. Let the 
particle be initially in a localized state w(x, 0) such as that depicted in ΕἸ ig. 6.2. 

Since the eigenstates of the Hamiltonian for a free particle comprise a continuum, 
the representation of (x, 0) as a superposition of energy eigenstates is an integral (see 
Egs. 5.26 et seq.). : : 


1 2 ‘ 
6.20 She Ξ its 
(6.20) 10,0) = [δῶν dk 
b(k) = == fa V(x, O)e~™* dx 
Py epi 


The state of the particle at t > 0 follows from (6.1). 


͵ 


= SH = ἃς 
(6.21) W(x, t) = exp =) ie Γ Κι dk 
= => = ji(kx — cot) 
Wx, ἢ = Tia [δῶν ἀκ 
(6.22) hk? 
ho = = = Ey 


While the component amplitudes of the state function of a particle in a box oscillate 
as standing waves, the k-component amplitudes of the free-particle state function 
Propagate. For each value of k, the integrand of (6.22) appears as 


(6.23) b(k) exp [u( = Ξ ‘)| 


W(x, 0) 


FIGURE 6.2 Initial state for a free particle. 
147° 
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The phase of this component, [x — (w/k)t], is constant on the propagating “surface,” 


ω 
(6.24) x=ot 


This is a surface of constant phase. It propagates with the phase velocity 


(6.25) ὑπ πῃ 


The components with larger wavenumbers (shorter wavelengths) propagate with 
larger speeds. The long-wavelength components propagate more slowly. 

Suppose that at t = 0, the state W(x, 0) is a tight bundle of eigenstates of A. 
When the clocks begin to move, each k-component propagates with a distinct phase 
velocity. The initial state begins to distort. It may be that the initial state remains 
somewhat intact and moves. In this case one speaks of a propagating wave packet. 
To have a wave packet propagate, it is necessary that the average momentum of the 
particle in the initial state does not vanish. 


(6.26) <P):=0 = ψα, 0) PY, 0)> # 0 


Furthermore, since the packet is localized in space, 


(6.27) |u(x,0)/? 40 only over a small domain 
The velocity with which such a packet moves is called the group velocity. 
ow 
(6.28) Y= aE ἘΞ 


The meaning of k,,., is that the amplitude|b(k)|? is maximum at k = kmax- 


(6.29) hike ~ <P) = I |b(k)2hk dk 
This approximation becomes more accurate the more peaked is! |b(k)|?. 
Combining (6.28) and (6.29) gives 


0w oho 6(h?k?/2m) 
om) ae: max PCK Wray SS ἰς 
ἄκος. SPP 
Se eS Me 


The packet moves with the classical velocity <p>/m. 


Δ However, if |b(k)|? becomes too peaked, condition (6.27) is violated: that is, (x) spreads out too much. 
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etkox elkox 
πος το του «Ἐ} 
L 


FIGURE 6.3 Chopped wave of 
length L. 


As an example of these concepts, consider a beam of neutrons each of which has 
momentum hk,. The beam is “chopped,” producing a pulse L cm long and containing 
N neutrons (Fig. 6.3). The state function for each neutron at the instant after the pulse 


is produced is 


: eikox = <x<+ = 
(6.31) W(x, 0) =4/L : ee) 
0. = elsewhere 


If the momentum of any one of the neutrons is measured at t > 0, what values may be 
found and with what probability do these values occur? To answer this question, we 
need calculate only the expansion coefficients b(k) of (6.20). 


1 ᾿ 
ettore tx dx 


1 ox 
J2xL a 


=| 2 eae ky) L/2] 
~ NRL kk 


(6.32) b(k) = 


The state at time t > 0 is 


(6.33) Vx.) = [ sin [6 = ΚΟ) Ε 5] κατ ax 
ἜΕ == k — ko 
with 
2κ2 
(6.34) hacal 
2m 


The amplitude b(k) is sketched in Fig. 6.4. 
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| b¢K) 18 


FIGURE 6.4 Momentum probability density corresponding to 
—4n/L —2n/L|2n/L 40/L — &k—ko the pulsed wave of Fig. es z ss ae 


The momentum probability density P(k) gives the probability that measurement 
of momentum of any of the neutrons yields a value in the interval hk to h(k + dk). 
It is given by 

[b(k) IP 
Τῆς [b(K) IP dk 
= 2 sin? [(k — ko)L/2] 
— ab (k — ky)? 


(6.35) P(k) = = |b)? 


This probability density is constant in time.! At any time t > 0, it is most likely that 
measurement of momentum of any particle in the pulse finds the value 


(6.36) P= ἤρα = ko 
Recall that this was the only momentum the neutrons had before the beam was 
chopped. 
At any time t > 0, the momentum values 
2ntth 
(6.37) hk = hike + (n= 1,2,3,...) 


; ͵ 
have zero probability of being found. These momentum eigenstates do not enter into 
the superposition construction of W(x, 0). 

How many neutrons will be found with momentum in the interval A(k — ko) — 


hk, to h(k — ko) + hko? The answer is 


k 

(6.38) AN=N |b(k) |? dk 
(k — 2k) 

This number is also constant in time. 


1 This property of the free-particle momentum probability density is more fully developed in Section 7.4. 
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Consider next the Fourier decomposition of a square wave packet as depicted 
in Figure 5.4. There we see that the largest k component corresponds to k = 0 with 


1 


Ts 


This is a “flat” wave. The other k components in the superposition of the square wave 
serve to taper the sides of the pulse. Since p = 0 for this packet, it does not propagate— 
it only diffuses. 


(6.39) 


The Gaussian Wave Packet 


A more rewarding problem both from the pedagogical and physical points of view is 
that of the diffusion and propagation of a Gaussian wave packet, discussed previously 
in Section 3.3. The initial state is 


(6.40) W(x, 0) = al2(2n) 1/4 ee 


The corresponding initial probability density 


(6.41) SOO = ψὴν = “Ξ ε-385 


a/tn 


{ Pdx=1 


The initial uncertainty in position of a particle in the state (6.40) is the square root of 
the variance 

(6.42) Ax =¢ 

The complex modulation exp (ikg x) in the state (6.40) serves to give the particle the 
average momentum 

(6.43) <p> = hiko 


It follows that the initial Gaussian state function (6.40) represents a particle localized 
within a spread of a about the origin and moving with an average momentum hk. 
The momentum amplitude corresponding to this initial state is 


is properly normalized as 


1 OC —x'2/4a2 ,ix'tko-®) dy! 
(6.44) b(k) = Tp [- 1465 ix to" ®) dx! 


= 2a 
Sin 


—a2(ko—k)? 
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Woo? 


Ax hAk=h/2= Ax AP|min 


FIGURE 6.5 The momentum probability density [δ᾽ corresponding to a Gaussian position probability 
density, |/|?, is Gaussian. In this state Ap Av has its minimum value at h 2 


The Fourier transform of a Gaussian is itself Gaussian (see Fig. 6.5). The initial 
momentum probability density 

2 τ 
(645) ιδ()|}.-- τξξε ἐτβοίμοτι 

3 ν.2π 
is normalized, centered about the value k = ky, and has a spread Ak = (2α)" ". It 
follows that in the initial Gaussian state, 
ἢ 

(6.46) Ax Ap = Axh Ak = == Ax Ap 


Gauss min 


The product of uncertainties has its minimum value in a Gaussian packet. 


Free-Particle Propagator 


Next we turn to the construction of y/(x, ἢ) from the initial state (6.40). The value of this 
function may be obtained from (6.21 et seq.) 


(6.47) W(x, ἢ = a i i- dx’ dke~ ®*'(x', Oe τοὺ 


᾿ ὃ 1ππ τ΄ ΞΕ τὸ 
Esepiet [= dx' exp (its - i) 


© ἘΠῚ 
Χ [ dk exp {{ —x)- . - ‘| 


where the time constant t is defined as 


2 
(6.48) - τῷ = ka? o= = 
2 2m 


] 
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Let us take advantage of our construction of W(x, 1) at this point of the analysis 
to introduce the free-particle propagator, K(x’, x; t). This function provides a formal 
solution to the free-particle, initial-value problem through the prescription 


(6.49) W(x, t) = ‘i dx'W(x', O)K(x’, x30) 


The explicit form of K(x’, x: 1) is inferred from (6.47). 


αν 2,2 
(6.50) Risa J dk exp tke Ἐπεὶ -- ἢ 
Ah ti 


With the aid of the integral (see Problem 6.5) 


(6.51) [ δ "ρὴν dy = fiom (Re u > 0) 
ΡΝ u 


there results! 


Fe ee i(x — x')?t 
(6.52) K(x’, x; t) ὩΣΩ͂Σ exp [ dite | 
mo. im(x — x’)? 
~ yf 2nitt *P | ah 


Having found this explicit form for the free-particle propagator, let us return to 
(6.49) and see its meaning. The wavefunction W(x, ὃ) gives the probability amplitude 
related to finding the particle at x at the instant t. If the particle was at x’ at t = 0, then 
the probability that it is found at x at r>0 depends on the probability that the 
Particle propagated from x’ to x in the interval t. This is what (6.49) says. The proba- 
bility amplitude that the particle is at x at time t is equal to the initial amplitude that 
the particle is at x’ multiplied by the probability amplitude of propagation from x’ 
to x in the interval t, summed over all x’. Thus we may interpret K(x, x’; t) as the 
probability amplitude that a particle initially at x’ propagates to x in the interval t. It 
should be noted that the explicit form (6.52) is appropriate only for free-particle 
Propagation. For more general problems involving interaction, the form of (6.49) still 
maintains, although the propagator function is more complicated (see Problem 6.26). 


‘To obtain a convergent integral, first replace i by α = i + ¢. where ¢ is a small real positive number. After integrating, 
let e+ 0. 


Distortion of the Gaussian State in Time 


Let us return to the calculation of W(x, 1), given the initial Gaussian distribution (6.40). 
To complete the calculation one need merely complete the x’ integration in (6.49). 


1 tes : : x? 5 
W(x, ἢ Ξ TOm™ f i [es (μων - x) κα 5X32): 


Employing the explicit form (6.52) for K and once again utilizing the integral formula 
(6.51) gives the desired result. 


(6.53) 


1 ἀρᾶς \2 (it/4a7t)(x — hk t/m)? 
HOO = RGR + i)? = [ () | = [- 1 + it/t | 


The corresponding probability density is 


1 (x -- ἠκοιμηι) 
.54 x, ἢ = |W, OP = - 9 
(652. Pon) = WO OF πὰς πα epee [ γαῖ(! + 7/27) 
If we compare this form with the initial probability density we see that the generic 
shape of P(x, 0) (i., that of a bell) has remained intact with three modifications. It has 
become wider, : 
a> a(l + 0/27)? 


Second, the center of symmetry of the packet is now at 


X = Uot 
where we have labeled 
h 
ὡ =o 
m 


It follows that the probability density of a Gaussian wave packet propagates with a 
velocity that is directly related to the expectation of momentum of the particle in the 
Gaussian state. Finally, the height of the density function has diminished. 

oo 1 

Ξε 

af2n α«42π4 + ι",τὉ.)» 

The area under the curve P, at any time, remains unity. 
A sequence of packet contours is shown in Fig. 6.6. It is quite clear that the 

packet begins to distort significantly after a time interval t. If we represent a piece of 
chalk by a wave packet, a = 1 cm, m ~ 1g, there results 


το 1027s ~ 107° yr 


But the universe is only ~ 10᾽ Ὁ yr old. That is why classical objects are never observed 
to suffer a quantum mechanical spreading. 
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P(x, 0) I 


{Ἐς 5} 


᾿ς ΤΥ P(x, 7) 
ξι 


FIGURE 6.6 Shrinkage and spreading of the probability distribution corresponding to a Gaussian wave 
packet. At any time /, 


Ἰ- P(x, ἡ ἀχ =1 


Flattening of the 6 Function 


There are two limits that can be taken on the probability density P(x, t) related to the 
Gaussian wave packet which are very revealing. The first evolves from the initial state 


(6.55) P(x, 0) = W(x, 0)|? = d(x) 
A valid representation of the delta function is given by the limit 


= x2/2a2 


(6.56) d(x) = 36° a TO wagrae 


This function has the correct delta function properties (3.27 et seq.). 
Measurement of the position of a particle which finds the value x = 0 leaves the 


particle in the state 
(6.57) b = ox) 


This state is not normalizable. The state given by (6.55) is a little less sharply peaked 
than (6.57) and is normalizable. 

To obtain the probability density P(x, t) which ΠΕ from the initial value 
(6.55), we merely examine (6.54) in the limit, a > 0. There results 


; "Ὁ 2ma 2a7(x — hkgt/m)? 
(6.58) lim P(x, t) = lim th [Pn exp [ PR mt 


[1 + Ο(αὮ] 


wie 
th, /2n 
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The notation O(a”) denotes “order” of a’. It stands for a group of terms, the sum of 
which go to zero like a’, with decreasing a. 

From expression (6.58) we see that for alit > 0, P vanishes uniformly for all x, 
in the limit a > 0. This instantaneous flattening of an infinitely peaked state (6.55) 
is due to the following circumstance. The momentum probability density |b(k)|? 
corresponding to such a state, depicted in Fig. 5.6b, is flat. This means that it is equally 
probable to find any k value, no matter how large k is, in this state. At any instant 
t > 0, at any point x, the components ¢, with k values which obey the inequality, 
(hk/m)t > x, have overtaken that point. The initial infinitely peaked distribution 
assumes an (almost) instantaneous flattening.’ 


The Classical Particle 


The second limit we wish to consider relative to the probability density P(x, t), (6.54), 
changes P(x, 1) to the classical probability relating to a point particle of mass m 
moving with velocity hiko/m. This is accomplished by setting ἢ — 0 in P(x, ἢ) (except 
where f appears in po = hko). 


᾽ 1 
(6.59) lim P(x, t) = ex) [- 5 
ses 2a? 


h->O0 
hky = Po = constant 


For this probability to relate to a“ point particle” we impose the additional constraint, 
a— 0. This gives 


(6.60) ἘΞ a(x = pot) = Pelt) 


The probability of finding the particle at t is zero everywhere except on the classical 
trajectory 3 


(6.61) x =—_ 


This is another example of the correspondence principle at work. In essence, the 
“leading term” (1.6., the term not containing ἢ) in the expansion of P(x, t) about 
= 0 gives the classical result. 


τ Of course, these conclusions become erroneous for x/t > ¢. To obtain a completely physically valid solution for the 
infinitely peaked initial state, it is necessary to solve the relativistic form of the Schrddinger equation. See related dis- 
cussions on the Dirac equation in A. Messiah, Quantum Mechanics, Wiley, New York, 1966. 


nn LT LTE EE LE RANI me ERNE I ,τ.....0.ὕ0..0,ἀ«͵7Λ᾽]άταπιιναυσνοινς ESET εἰαταιμροισεα τα τοὺς 
no ed 


PROBLEMS 


6.1 (a) Find (x, ὃ and P(E,) at t > 0, relevant to a particle in a one-dimensional box with 
walls at (0, L), for each of the following initial states. 

(δ) Ifmeasurement of E finds that E = 4E, at 6s, what is y(x, ἢ) at 1 > 6s for each of these 
initial states? 


(1) W(x, 0) = A; sin (=) cos (=) 


(2) Wx, 0) = 4,χ — 1) 
(3) Wx, 0) = Age" θην. 1) 
6.2 Consider the following three dispersion relations. 
(1) οὐ = gk 
7k? 


Ἂν ὠξτείδεεξεξας . 
eS ne 


(3) w? = w,? + 3C7k? 
The first relation obtains to deep-water surface waves (g is the acceleration due to gravity), the 
second to electromagnetic waves in a waveguide, and the third to longitudinal waves in a “warm” 
plasma (ω; is the plasma frequency and C is the thermal speed). For all three cases find (1) the phase 
velocity and (2) the group velocity of a wave packet propagating in the respective medium. 
6.3 (a) Show that the free-particle propagator (6.52) has the following property and interpret 
the result physically. 

K(x’, x; 0) = d(x’ — x) 
(b) Show that K satisfies the integral equation 


K(x', x; τ — to) = [κα. χη! — t))K(x", x3 ty — to) dx” 


and interpret this result physically in terms of the evolution in time of the state W(x, to), first from 
tg to t, and then from f, to t. 


Answer (partial) 

(a) Set it = εἶ and compare with (C6) of Appendix C. The interpretation of this result 

is that for infinitesimally short time intervals, the probability amplitude for propagation away 
from the initial point x’ is zero, except in a small neighborhood about the initial point. 
6.4 Att =0, 10° noninteracting protons are known to be on a line segment 10 cm long. It is 
equally probable to find any proton at any point on this segment. How many protons remain on 
the segment at r = 10 5) [Hinr: Let the center of the segment be at x = 0. Then the formal answer 
to the problem with (x, t) normalized is 


s 
AN = 10° [ IW, 10)|? dx 
== 
157. 
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To construct ψίχ, 1), the initial square pulse must first be written as a superposition of ¢, states. 
With b(k) calculated, 
1-- 5. 5 : 5 
iwex, pF a [ [ dk ἀκ (δ "(κε — melt —* yx 
2π... .-ὦ 


where ’ is written for ὡ(ΚΎ. 
6.5 The integration involved in obtaining (6.51) is of the type 


0 
S= [ ee dy 
τ΄ 
where u and v are constants. Evaluate this integral. 


Answer 
The aim is to transform the exponent —uy? + vy toa perfect square. First we set 


uy? — vy = ay? — Ζαβν 


which gives 


The exponent may now be written 
uy? — vy = (ay — B)? — B 


and the integral S becomes (with ἡ = ay — β) 


6.6 (a) Anelectron is in a Gaussian wave packet. If the packet is to remain intact for at least 
the time it takes light to move across 1 Bohr diameter, 2ay = 2h?/me?, what is the minimum 
width, a, that the Gaussian packet may have (in centimeters)? 

(b) What is the diffusion time (t) for an electron in a Gaussian wave packet of width 
e?/mc? (in seconds)? This is the classical radius of the electron. How far does light travel in this 
time (in centimeters)? 

6.7 A free particle of mass m moving in one dimension is known to be in the initial state 


u(x, 0) = sin (Ko x) 
(a) What is W(x, 1)? 
(b) What value of p will measurement yield at the time ¢, and with what probabilities will 


these values occur? 
(c) Suppose that p is measured at t = 3 5 and the value fk, is found. What is (x, ἢ) at 


t>3s? 


TNT 
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6.8 Α particle moving in one dimension has the wavefunction 
W(x, t) = A exp [i(ax — btyj 


where a and 6 are constants. 
(a) What is the potential field V(x) in which the particle is moving? 
(b) Ifthe momentum of the particie is measured, what value is found (in terms of a and 6)? 
(c) If the energy is measured, what value is found? 
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6.2 TIME DEVELOPMENT OF EXPECTATION VALUES 


‘The Jaw that covers the time development of the expectation of an observable, <A), 
follows from the time-dependent Schrddinger equation. We wish to calculate d¢A)/dt. 

+ Since (A> has all its spatial dependence integrated out, it is at most a function of time. 
We may therefore write Σ 


(6.62) 


In the state W(x, 1), this expression becomes 


dy iA ὃ "9 
(6.63) a) Ξ [ dx © dy) 
2 The time derivative of the product is 
ὃ Ἂς oy*\ ~ ,Ὁ 8Α 
(6.64) a raw = (Sau + wea + ye A 


2 Employing the time-dependent Schrédinger equation 


ay -ἰῆ owt ifiy* 


ee δι h Ψ, δι τ Ἢ 

in (6.64) gives 

(6.66) 2 ytay) = ; (Ava - ψεληψ + My 9) 
ot h I δι 


Substituting this expansion in (6.63) gives 


5 “ὦ -τ(ὠνιᾶν - ῳιλὴν» +" (44 Ψ) 


Ἰὼ 


i= 
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laden i 


Since A is Hermitian, the first term on the right-hand side of (6.67) may be rewritten 
to yield the final result, 


(6.68) 4.4) fe (A, 4] + Ὁ 


dt 


If A does not contain the time explicitly, then the last term on the right-hand side 
vanishes and 


d¢Ay _ i 


(6.69) == A <(A, 11) 


In the event that 4 commutes with A, the quantity (A) is constant in time and A is 
called a constant of the motion. For a free particle, p commutes with A and <p) is 
constant in time for any state (wave packet). Since A commutes with itself, (ΗΠ), the 
expectation of the energy, is always constant in time. 

Let a particle moving in one dimension be in the presence of the potential V(x). 
The Hamiltonian of the particle is 


p? 
(6.70) A =—+ V(x) 
2m 
How does <x) vary in time? Eq. (6.69) gives 


(6.71) ἜΣΞΞΕΞ | CA, sy 


τῇ τ ) = 5g sole 41 + (p21) 
ἢ Δ} 2m’? 2mh : is 


ep a 
= Sah 2inoy = (Ὁ) 


or, equivalently, 


CoS 
i <P> 


(6.72) m 


This equation bears the same relation between expected values of displacement and 
momentum as in the classical case. Equation (6.72) cannot hold for the eigenvalues of 
and p, since such an equation implies that x(t) and p(t) are simultaneously known. 
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Ehrenfest’s Principle 


The reduction of quantum mechanical equations to classical forms when averages are 
taken, such as demonstrated above, is known as Ehrenfest’s principle. Newton’s 
second law follows from the commutator [Al f], which for the Hamiltonian (6.70) is 


Fa OV 
(6.73) (A, Ρ] = ih— 
Again using (6.68), one obtains 
d<p> _ ev 
670 le NO 


which is the x component of the vector relation 
d 
(675) AP _ — (WV(x, y,2)> = {ξρυ»»2)» 


where F is the force at (x, ν, 2). In any state (x, ἢ), the time development of the 
averages of % and β follow the laws of classical dynamics, with the force at any given 
point replaced by its expectation in the state W(x, r). 


PROBLEMS 


6.9 Show that if [A, 4] = Oand ΔΑ (δι = 0, then <A) is constant in time: 
6.10 Show that 


d 


=(A= 
dt ἀξ εῦ 
in ἃ stationary state, provided that 0A/ét = 0, using the commutator relation (6.68). 
BOAO 5 Ὲ Ὁ - 
Answer 
dA i a i > 
AD = ἐφ, ΓΗ, Ales) = + <o,|A4 -- Af0,) 


=; (AoslAg,> -- <on14A9,>) 


=; FlC@elAQn) -- Onl g—>) = 0 


6.11 Show that for a wave packet propagating in one dimension, 


d<x?)> 


mat 


= xp) + <px> 
161 
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6.12 A particle moving in one dimension interacts with a potential V(x). Ina stationary state of 
this system show that 


where T = p?/2m is the kinetic energy of the particle. 


Answer 
In a stationary state, 


d eee 
4) τι OP? = 7, SLA. SPD = 0 


Expanding the right-hand side, we obtain 
0 = (ΓΗ, 6] + (A, £16> 
ΑΓ ΡῚ + (T. 219> 


ΟΥ 
ih τς 
il (x Ἐπ 2r) 


6.13 Consider an operator A whose commutator with the Hamiltonian A is the constant c. 


(A, A] =c 
Find (A) at t > 0, given that the system is ina normalized eigenstate of A att = 0, corresponding 


to the eigenvalue a. 


6.14 A system is in a superposition of the two energy eigenstates y, and @. Physical properties 
of the system characteristically depend on the probability density y*/. Show that resolution 
of any such property involves measurements over an interval At > h/|E, — Ε,]. 


Answer 
The superposition state is 


(r,t) = φι( exp 2) + 92() exp (9 
so that 
WAU = lou? + lal? + 2Reas*os exp [ey 
This function oscillates between the two extremes (|9,| + |@2!)? and (|g,| — |@2{)? with the 


period h/|E, — E|. It follows that changes in related properties become discernible only after an 
interval greater than or of the same order as this period. The situation is similar to the process of 
tuning an oscillator to a frequency ὧν by “listening” for beats. The period between beats varies 
as the inverse frequency (w — @)~+. Thus oneis certain that ὦ = wo only after an infinite interval. 


6.3 CONSERVATION OF ENERGY. 
LINEAR AND ANGULAR MOMENTUM 


The principle of conservation of energy in classical physics states that the energy of an 
isolated system or a conservative system is constant in time. A conservative system is 
one whose dynamics are describable in terms of a potential function. A particle in a 
one-dimensional box is a conservative system. Suppose that at ¢ = 0, the state of the 
particle is 


391 + 495 
J25 


- What can be said of the energy of the particle at the time t > 0? Measurement of the 
energy has a 3% probability of finding the value E, and a 48 probability of finding the 
value 25E,. At t > 0 the state (6.76) becomes 

iE tlh 4, ~Est/h 
(6.77) pega ΣΟ Sse 
ΤΌΘ᾽ 
The probability that measurement yields E, is 
(BeWfEulhy*(3e7 Eut/hy 9: 
25 ~ 25 
A similar calculation of P(E.) yields the constant value 3. In other words, in the state 


given, one cannot say with certainty what the energy is at t > 0. In what sense is 
energy conserved? The answer is: in the average sense. It follows directly from (6.69) 


that 
(6.79) <H) = («ΕΣ = constant 
For the example given, at any instant in time the expectation of the energy is 


(6.80) ye ΞΕ Nees =116.36E;-= constant 


(6.76) (x, 0) = 


(6.78) P(E) 


For a free particle, 6 also commutes with A, hence we can conclude from (6.68) 
that 


(6.81) <p> = constant 


The energy and total momentum of an isolated system are constants of the motion. “ 
Conservation theorems in physics are closely related to symmetry principles. 
Consider, for example, the fact that the laws of physics do not depend on the time at 
which they are applied. Newton’s second law, Maxwell’s equations, and so on, do not 
change their structure with time. This symmetry of time (i.e., homogeneity) gives rise 
to the conservation of energy. Let H be the Hamiltonian of the whole universe. 
163. 
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Black box far from 
any other heavenly 


ἣ bodies 
FIGURE 6.7 The laws of physics are the 
same at tand (’ > GH [ζἱ = 0 > <E) = con- 
1=0,r=1>0 stant. 


Homogeneity of time implies that H is not an explicit function of time. This together 
with (6.68) implies that d¢E>/dt = 0. We may reach the same conclusion for any 
isolated system (Fig. 6.7). 

Conservation of momentum for an isolated system depends on the homo- 
geneity of space. Go out in space to a point far removed from other objects. Enclose 
yourself in a box with no windows and opaque walls. Let the box suffer a “virtual” 
displacement (Fig. 6.8). There is no experiment which will reveal that the box isata 
new location. Consequently, for example, the dynamical laws of an isolated system of ++ 
particles can only depend on the relative orientation of particles, not on the distances 
from these particles to some arbitrarily chosen origin. Equivalently, the Hamiltonian 
of the system can always be transformed so that it does not contain these variables 
(i.e., the coordinates of the center of mass). 


: Γεθ 
1=0 t=0 


FIGURE 6.8 The laws of physics stay the same — ΔΗΙὃχ = Ὁ > <p> = constant. Note that in this 
“thought” experiment, translation occurs in zero time. This is called a “ virtual” displacement. It is demanded 
by the details of the argument. To physically effect a virtual displacement one merely imagines two identical, 
noninterfering boxes a distance Ax apart. 
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To find the basis of the relation between the homogeneity of space and conser- 
vation of linear momentum, we turn back to Problem 3.17, where it was shown that 
the p operator effects the displacement 


(6.82) HOF(x) = exp ΓΞ Ξὴ fe) =f +9 


In this expression f is any differentiable function of x. For infinitesimal displacement 
(¢ + 0), the displacement operator becomes 


(6.83) HO =1+ 


or, equivalently, 


where the identity operator is /. As observed previously, the Hamiltonian of an isolated 
system cannot depend on displacement of the system from an origin at an arbitrary 
point in space. Therefore, the displacement operator @ commutes with A, whence Ῥι 
does also. Again calling on (6.69), we recapture the constancy of <p,>. However, in 
the present argument we see how this conservation theorem finds its origin in the 
symmetry of the homogeneity of space. 

In three dimensions the displacement operator becomes 


(6.84) fe) = exp 65: Pre =fir+d 


Again, for an isolated system, one may conclude that H commutes with @ and there- 
fore with p, the total linear momentum of the system. It follows that the vector <p) is 
conserved. 

Let us return to the experimental “black box” described above. The fact that 
experiments performed within the box are impervious to the box’s location in space 
or time implies, respectively, conservation of linear momentum and energy. Suppose 
now that the box undergoes a rotation through the angle Δῴ about an arbitrary fixed 
axis in space: Owing to the isotropy of space, experiments within the box cannot detect 
such rotational displacement. They are impervious to the box’s orientation in space 
(Fig. 6.9). It follows that the Hamiltonian of the system cannot depend on 4, the 
rotational orientation with respect to some fixed axis, in the same way that it cannot 
depend on the displacement € from an arbitrary point in space. As a consequence of 
this rotational symmetry, the total angular momentum of the system is conserved. 

Suppose that there is a property of the system which is dependent on the 
system’s rotational orientation ¢ about a fixed axis, which we designate the z axis. Let 
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(a) (b) 


FIGURE 6.9. If /() isa property of an isolated system that depends on the orientation ¢ of the system about 
an arbitrary fixed axis, rotation of the system through the angle Δῴ causes the property to change to φ + Ad). 
Isotropy of space precludes the existence of such a property. This invariance with respect to rotation implies 
conservation of angular momentum, 


the measure of this property be f(@). After rotation of the system through the angle 
Ad, 6 > φ + Ad and f(g) > f(b + Ad). This transformation of function is effected 
by the rotation operator Bis 


Ray f(b) = Γ(φ + AO) 

iAGL. 
Rag = εχρ ( : ὴ 
h 
Here L, is the z component of the total angular momentum of the system.’ Since the 
Hamiltonian of the (isolated) system cannot depend on 4, it is insensitive to the 
rotation operator, Rig; that is, H commutes with R ag» hence it also commutes with 
L, and we may conclude that <L,> is constant. More generally, rotation through 
the vector angle Ad (the direction of Ad is parallel to the axis of rotation) is effected by 
the operator 


(6.85) 


(6.86) Rag = exp Be *) 


! This relation is derived in Problem 9.17. - 
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The argument demonstrating the constancy of L, carries over to L, the total angular 
momentum of the system. 

In summary, with p and L denoting, respectively, the total linear and angular 
momentum of an isolated system whose Hamiltonian is H, the following symmetry- 
conservation principles hold. 


Homogeneity of Space 

(687) [Ab] =04 © <p» =0 
Tsotropy of Space 

(6.88) (A, [1 = 0- . <Ly=0 


Homogeneity of Time 


on d 
(6.89) Fn g kD So 


PROBLEMS 


6.15 Under what conditions is the expectation of an operator A (which does not contain the time - 
explicitly) constant in time? 


Answer 
Under either of the following conditions: 
(a) [A, A] =0. 


(Ὁ) <A) is calculated in a stationary state. 


6.4 CONSERVATION OF PARITY 


Consider an experiment and its mirror image (Fig. 6.10). Such an experiment might be 
the observation of the orbit of a missile fired in a uniform gravity field, or two particles 
colliding. These phenomena obey certain physical laws. Suppose that we formulate 
the laws obeyed by the image orbits in the mirror. They turn out to be the same as the | 
laws that the orbits in the real world obey. This is a symmetry principle. It has no 
further implication in classical physics. However, in quantum mechanics it is associated 


with a conservation law, conservation of parity.’ 


' This conservation principle belongs to a class of phenomena calied “broken symmetries.” Such symmetries are not 
universally maintained. For example, parity is not conserved in weak-interaction f-decay processes. For further dis- 
cussion of this topic, see H. Frauenfelder and E. Henley, Subatomic Physics, Prentice-Hall, Englewood Cliffs, N.J., 1974. 


Ἀ 


1) 


168 TIME DEVELOPMENT, CONSERVATION THEOREMS, AND PARITY 


Gravity 


Mirror 


Φ 9 
Laboratory Mirror-image 
experiment experiment 


FIGURE 6.10 The laws of physics are the same for the lab experiment and for the mirror-image experiment. 
This symmetry statement gives rise to the conservation of parity. 


Parity is a property of a function. A function f(x) has odd parity if 


S(—x) = —f@) 
A function has even parity if (see Fig. 6.11) 
f(—x) = fC) 
The parity operator P is defined as’ 
(6.90) Pf(x) = f(x) 


What are the eigenvalues of P? Let g be an eigenfunction of P with eigenvalue a; 
then ΄ 


(691) ρροῦ See nls 
πεῖς Welopictate auth ται ἜΣ 

ἰ6 59} ς. PPg(x) = Pg(—x) = σοὺ = a(x). 
Hence + 5 
(6.93) aso - 


For « = +1, from (6.91), we obtain 
(6.94) g(—x) = g(x) 


1 In three dimensions f(x. ». =) = {(—x. τον, τ 3). See Problem 6.23. 
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FOS Se) = -f(-x) 


(a) Ξ (b) 

FIGURE 6.11 Any even function is an eigenfunction of © with eigenvalue +1: 
ῬΑ) = ΕἸ) 
Any odd function is an eigenfunction of > with eigenvalue —1: 


Py(x) = =1f(x) 


Any even function is an eigenfunction of P with eigenvalue +1. For x = —1. 


(6.95) 9(-- χ) = —G(x) 


Any odd function is an eigenfunction of P with eigenvalue — 1. The order of degeneracy 
of « = +1 is infinite. There are no other eigenvalues of P. 

How is this parity property connected with the symmetry principle relating to 
mirror images mentioned above? Consider that a particle (m) moving in one dimen- 
sion interacts with another stationary particle (M) which is at the position x = 0. The 
potential of interaction between the particles is V(x). Suppose that the (moving) 
particle is at a position x > 0. The image of the particle seen in a mirror which inter- 
sects the x axis normally at x = 0 is at x = -- χ' < 0 (Fig. 6.12). The temporal 
behavior of the image particle will be the same as that for the laboratory particle if 
V(x) = V(—x). [The potential “seen” by the image particle is V(—x).] ; 


FIGURE 6.12 A mass m interacting with 
stationary mass M through potential }’(x). If 
image dynamics is to be the same as tab dy- 
namics, }'(x) = V(—x). 
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The Hamiltonian for the particle in the laboratory system is 


Ρ 
(6.96) a aa V(x) 


For }(x) an even function, A commutes with ®. To show that > commutes with 
V(x), let g(x) be an arbitrary function of x. Then 


(6.97) Ρνοῦ σοῦ = γι -- αὐ)σί-- αὐ = VOOPaX) 


The fact that ® commutes with the kinetic-energy part of A is shown in Problem 
6.16. Since P commutes with both parts of Ay, it commutes with AT itself. 


(6.98) - ; . - (A, P] = 0 
Together with (6.69) this gives the conservation principle 
(6.99) <P> = constant 


The parity of the state of a system is a constant of the motion. 

As an example of this principle. consider a one-dimensional box centered at the 
origin, so that its walls are at x = L/2,x = —L/2(see Problem 4.1). The eigenstates of 
the Hamiltonian for this system are 


pie nx 
ieee τω -- Ξ 2 Sean home 
(6.100) Gn 5. ἢ (n= 2,4, 6, ...,2j,---) 


.- fom ("E) (v= 1,3,5,-..,21+1,.--) 


The eigenstates @, are odd while φ, are even. 


(6.101) PG, = --ῷ, 
Po, = Pn 


Suppose that at tf = 0 the particle is in the state 


(6.102) wx, 0) = leer ἴ sin (2) 4+ 3005 (=) 


Att > 0, 


= ie - (20X\ ie. TX) ie tn 
(6.103) W(x, ἢ = @L ἴ sin ( L Ρ + 3cos L ie 
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The expectation of P at t = Ο is 
(6.104) <P> = CU, 0) PY, 0) 


1 
Py(x,0) = ——(-66, +3 
Y(x,0) as‘ P2 + 39,) 


1 27 
<P) = Fy {--36(φ 2} 2) + Xoile.} = -- ἔς 


Since [P, H] = 0, this is the value of <P) for all time. In that the initial state (6.102) is 
a superposition of the eigenstates of P, the squares of the coefficients of expansion 
give the probability that measurement finds the system in a state of even or odd parity. 
Measurements on an ensemble of 4500 boxes all of whose particles are in the initial 
state (6.102) at the time r = 0 would find approximately 3600 of the particles in the 
odd state $,(t) and approximately 900 of the particles in the even state φι() at the 


subsequent time ft > 0. ᾿ > 
ww $= 971952 


82-4 GYR J 
PROBLEMS 


6.16 (a) Show that P anticommutes with the momentum operator p. That is, show that 
{P, p} = Pp + pP =0 


(Ὁ) Use your answer to part (a) to show that ® commutes with the kinetic-energy operator 
T = p?/2m. 
6.17 Α particle in one dimension is in the energy eigenstate 
Pio = A cos (ko x) 
Ideal measurement of energy finds the value 
E= h?k,? 
2m 


What is the state of the particle after measurement? 


Answer 

If we recall postulate II of quantum mechanics (Section 3.3), the system is left in the eigenstate of A 
corresponding to the eigenenergy above. Any state in the two-dimensional subspace of Hilbert 
space spanned by sin (kx) and cos (ko x) for, equivalently, exp (ik x) and exp (—ikgx)] gives the 
eigenenergy above. However, an ideal measurement perturbs the system least. In the state before 
measurement the probability distribution relating to momentum is 1/2 for p = +hko. If we guess 
that the system is left in the state exp (ik x) after measurement, the momentum distribution of the 
original state was disturbed. If we guess that the state of the measurement is sin (kg x), then 
measurement has not disturbed the momentum distribution; however, this measurement has 
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disturbed the parity. In the original state the parity is +1 (with respect to the origin x =-0) while 
that of the hypothesized state after measurement is —1. This is still not the ideal measurement. 
We can find a measurement that perturbs the system even less. Consider that the particle is left in 
the state cos (kyx). The corresponding measurement did not perturb the momentum distribu- 
tion or the parity of the original state. It is the ideal measurement. 


6.18 (4). Iff(x) is any function, show that 


f. — Lot So) = even function 
f= hia Ail = odd function 
(b) Show that 
se: 1+? 
i er ae 
2 
is such that 
P_ f(~) = f-) 
The identity operator is 1. 
(c) Show that 
1-® 
b_= 5 
is such that 
B_ f(x) = f-@) 


The operator P , “projects” f onto f,. while ®_ projects f onto f_. 
(d) Show that the projection operators ©, and ® _ satisfy the following properties: 


Pi? = Ps 
(@,,6_]=0 
6.+6_=1 


6.19 What is <P) for a particle in a one-dimensional box with walls at (—L/2, +L/2) in the 
initial state : 


1 = 
W(x, 0) = —= (ὃ; + 404 + 203) 
J 23. 
6.20 For the same one-dimensional box as described in Problem 6.19, it is known that the 
particle is in a state with energy probabilities 
P(E) =4, P(E) =4,  P(Es) = 3 
PE) —0; (#1, 2.3) 
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The parity of the state is measured ideally and —1 is found. If some time later E is measured, what 
value is found? What is the answer if the original measurement found the parity to be +1? 

6.21 For a free particle moving in one dimension, divide the following set of operators into 
subsets of commuting operators. 


{P, x, A, py 


6.22 Α free particle moving in one dimension is in the initial state w(x, 0). Prove that <p) is 
constant in time by direct calculation (i.e., without recourse to the commutator theorem re- 
garding constants of the motion). 


Answer 
With 
B(k, 1) = blk) 
h?k? 


1 


b(k) = 


Γ w(x, Oe Ὁ dx 


the expectation of p appears as 
<p> = [Akl OP ak 


which, given the structure of b(k, t) above, is time-independent. Alternatively, we may note that for 
a free-particle wave packet, H = f/2m, so that d<p)/dt = (1/ih)<[H, p]> = 0. 
6.23 In three dimensions, P is defined as 


Pu(x, y, 2) = W(—x, —y, -- 2) 
(a) What does this definition become if is measured in spherical coordinates: that is, 


v= Cr, 6, φ)} 


(b) What does it become if y is measured in cylindrical coordinates: that is, = W(p, z, Φ)} 
(c) What are the parities of the following functions? 
= Ax ty tae errr 
W2 = Bre~” cos 0 
Jp? + 2? sind 
5 


Ζ 


W3=C 


6.24 Discuss the consistency or inconsistency of the concept of the trajectory of a particle 
r=r(t) 


(whose mass is also known) in quantum mechanics. 
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Answer 

The trajectory (through differentiation) implies the momentum, p = p(¢). Thus, at each instant, r 
and p are known, which is in violation of the uncertainty principle. On the other hand, for a wave 
packet one may construct the equation 


d Ξ τ 
Ὁ» 


If <p) is a known function of time, this equation may be integrated to obtain the trajectory, that is, 
<r, as a function of time. The classical trajectory ensues when quantum fluctuations about the 
mean <r) oscillate rapidly, thereby “averaging out.” Equivalently, one may say that this limit is 
reached when the de Broglie wavelength is small compared to characteristic distances of the 
configuration. 

6.25 Let a particle move in the potential 


V = Ax" 


where A is constant and n is a finite integer. Show that Ehrenfest’s equation (6.74) gives the 
classical relation 


dp 
— = —Anx"=! 
dt = 
only for n = 2 (the harmonic oscillator). 
Answer. 
From (6.75) we obtain 
ap) = 
= — Ant! 
ai πῴχη ἢ) 


To obtain the classical form we must equate <x""') = <x)"~!, which is only valid for n = 2. 
6.26 (a) Consider that a particle is bound to the potential V(x) and is initially in the state 
W(x, 0). If eigenfunctions of the Hamiltonian A = p?/2m + V(x) are written ¢,(x), 


AQ, = Ex Pn 


obtain the state function v(x, 1) in terms of an integral over the propagator K(x’, x; t). That is, 
construct an explicit form for K as it appears in the integral 


U(x, ἢ = [να΄ 0)K(x’, x; ὃ dx’ 
(b) : Show that the propagator you have constructed satisfies the integral equation 


Καα΄, xst—t5)— [κα. x"; t — t,)K(x", x; ες — tp) dx” 


i Ἐν 


$$ eee ren rrr 
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Answer (partial) 


(a) The forma! solution to the time-dependent Schrédin 


ger equation appears as (see 
Eq. 3.70) 


Ux, Ὁ = exp ( ~ Ἔγνα: 0 


Expanding the initial state in eigenstates of Η (see Eq. 5.6) gives 


W(x, 0) = ¥ b,e,(x) 


6, = fu. θ)φ, "(ΧΎ dx’ 


Substituting in the above gives 


Wes, ἢ = Tb, exp ( a 
n i 


Jost 
= [να. ofr On*(XVepg xem Ent ‘ dx’ 


= fue. O)K(x’, x; 0) dx’ 
which serves to identify the propagator 
K(x, x3) = Σ o,*(x)9,(xe Ent 
In Dirac notation this equation appears as 
R(x’, x31) = Σ 1p,(x)>e~*"*p,(x')| 


which allows the solution to be written: 


Ix, > = Ri W(x, 0)> 


CHAPTER 7 


ADDITIONAL ONE-DIMENSIONAL 
PROBLEMS. BOUND AND UNBOUND STATES 


7.1 General Properties of the One-Dimensional Schrédinger Equation 

7.2 The Harmonic Oscillator 

7.3 Eigenfunctions of the Harmonic Oscillator Hamiltonian 

7.4 The Harmonic Oscillator in Momentum Space 

7.5 Unbound States 

7.6 One-Dimensional Barrier Problems 

7. The Rectangular Barrier. Tunneling 

7.8 The Ramsauer Effect 

7.9 Kinetic Properties of a Wave Packet Scattered from a Potential Barrier 
7.10. The WKB Approximation 


In this and the following chapters we examine some practical and fundamental problems 
in one dimension. Included are the very important examples of the harmonic oscillator 
and scattering configurations in one dimension. Creation and annihilation operators 
are introduced in algebraic construction of eigenenergies of the harmonic oscillator. 
The purely-quantum mechanical effect of tunneling is encountered in a study of trans- 
mission through a barrier. The chapter concludes with a description of the WKB 
technique of solution appropriate in the near-classical domain. This method of approxi- 
mation finds application in still more realistic configurations, such as cold emission from 
a metal surface and a decay from a radioattive nucleus. 


7.1. GENERAL PROPERTIES OF THE ONE-DIMENSIONAL 
SCHRODINGER EQUATION 


The time-independent Schrédinger equation for a particle of mass m moving in one 
dimension in a potential field V(x) appears as 


h? @? 
[- am ὅχξ ΞΕ vis) Joos = Eg(x) , 


see paren ei 


"Ὁ 
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cornet ποι 


FIGURE 7.1 Domains relevant to a 
particle of energy E moving in a one- 
dimensional potential field }(x). I: 
E> V, Kinetic energy is positive. H: 
E < Κ΄. Kinetic energy is negative (*for- 
bidden domain”). II: Ε = V. Τὶς ἐδ a 
turning point of the corresponding clas- 


Pxx = ταν φὰς = 2p sical motion, 
1 With subscripts denoting differentiation, this equation may be rewritten - ! 
on ete VIPS oe —k(x)p 
(7.2), Pk? 
Tan space. Ἐπες τ 
2 The partition of energy = 
(7.3) - εξ τ 
5 {+ permits us to identify 4?k?/2m as the kinetic energy of the particle 
: hk? Ἐ : “S ΞΕ. τὰ SS ie 
(7.4) f= ΞΞ ee BS an SE 
| 2m 
3 SSM cee geek τος 
Sf This identification is especially relevant if E > V. More generally, there are three 


distinct possibilities (Fig. 7.1). These are E > V, E < V, and E = V. In the first case 
\ the kinetic energy is positive and the corresponding classical motion is permitted, 
* Classical motion is forbidden in the second domain, where the kinetic energy is 
negative. The points where E = V are the classical turning points. (Recall Section 1.4.) 


2 In the domain where the kinetic energy is negative, the Schrédinger equation « 
becomes 3 
Px = KD 
he a2 
(7.5) 5 VED. 
he 2 
kinetic energy = — ἘΞΞ = 7 =D 
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ash 
Recall now that in analytic geometry, g,, is related to the curvature of φ (at 


the point x). If p,, > 0, then gis coneave upward. If p,. < 0, then gis concave down- 
ward. When the kinetic energy is pesitive, the Schrédinger equation takes the form 
- (7.2) and g has the following properties: ¢,, is less than zero in the upper half- -plane 
so ᾧ is concave downward; ¢,, is greater than zero in the lower half-plane, so 9 is 
concave upward. As shown in Fig. 7.2, these conditions permit oscillating solutions. 


"Ie 


ue e 
Nature of 4 
iapreand lower Oscillatory behavior 
half-planes Possible 


(a) 
" 9 
Nature of 9 Oscillatory behavior 
in upper and not possible 
lower half-planes 
- (b) 
FIGURE 7.2 (a) Kinetic energy positive: 
Wis vst 2 Ox = ke κ»0 2 
- 
ky ConGsye Amonmards δ Pex «Ὁ for > 0 (upper half-plane) 3 
Ox> 0 for  < 0 (lower half-plane) 
(Ὁ) Kinetic energy negative: 
Gx =O κῆ»Ὸ 
φινῦ for p> 0 (upper half-plane) 


φ,. «0 for φ < 0 (lower half-plane) 


w 


Ιω 


"ὦ 
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Turning point 
(V=£); 


FIGURE 7.3 Characteristic behavior —of 
wavefunction corresponding to the configuration 
Oscillation Decay shown in Fig. 7.1. 


When the kinetic energy is negative, the Schrédinger equation takes the form (7.5) 
and the following properties pertain: @,, is greater than zero in the upper half- 
plane so @ is concave upward: @,, is less than zero in the lower half-plane and ¢ is 


᾿ς concave downward, Again referring to Fig. 7.2, these cenditiens are seen to lead to 
crowing or decaying solutions (as epposed to oscillating solutions). At a turning | 


point, φας = 0 and g has a constant slepe. 
For the potential shown in Fig. 7.1, one might then expect an eigenfunction of 
the Hamiltonian to behave as depicted in Fig. 7.3. 


PROBLEMS 


7.1 (a) Leta particle of mass m move in a one-dimensional potential field with energy E as 
sketched in Fig. 1.18. Write down the form of the time-independent Schrédinger equation (i.e., 
Eq. 7.2 or Eq. 7.5) for the four domains that lie in the interval 0 < x < ἢ. In each case identify the 
wavenumber k or x. 

(Ὁ) Given p(0) = > 0, make a rough sketch of g(x) in the interval 0 < x < F. 


7.2 THE HARMONIC OSCILLATOR 


The configuration of a harmonic oscillator is depicted in Fig. 7.4. The classical 
equation of motion of a particle of mass m is given by Hooke’s law, 


d?x 
(7.6) m =e Kx 
The spring constant is K. In terms of the natural frequency ao, 


K 
2 τος 
(7.7) oy? =— 


” 


Ww 
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FIGURE 7.4 The οπο-ἀϊπιοη- 
sional harmonic oscillator. Dis- 
placement from equilibrium (x = 0) 
is denoted by x. 


the above equation appears as 


εἶχ 
48 ine τῈ 


phase 


(78) . 
gel 6 


Multiplying this equation by X gives 


(7.9) Abe we + (4x 2] τὸ 


dt 


Integrating, one obtains the constant of motion 


E ἀὰῤΖΡ 1 2. 252 
"κῆρ: κ(ἡ + Wo*x") 
(7.10) 
τς Ἐ 3 2 
E= he + 2 x 
The potential energy is : 
somes 
(7.11) V= ey πρὸ 


When the particle comes to rest, the energy is entirely potential. 
(7.12) B=>xo? #& > ων. Fe 


Such points (xo) are turning points. For x? > Xo, the kinetic energy T is negative, so 
that classically this is a forbidden domain. 


ἘΠ as Se 
(7.13) ee ae 


Τά θ᾽. or x2.> χρῦ Tr Ἔριν q 
See Fig. 7.5. 


: adel iagiengs 


skis ba apne ls aIO® ἱ 


5g ποξεςὶ δῷ eb, Shree οἱ MBL 


= AOTALM 20 OMOMAAR FHT ττ 


fF Ξ ἡ Mipaiasb εἐπδιδι σεῦ οἰποστπῆ & lo. πουριμπῆπορ, 967 
Hess ἡδονΣ vat enitt 16 aisitin nq stoic) or Yo. dedlgups 
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Forbidden domain ; Forbidden domain 
' 


FIGURE 7.5. The turning points of the harmonic oscillator are at x = +X, where 


——> Kx,? 
εἴων es 


a 
With these properties of the classical motion established, we turn next to the 
quantum mechanical formulation of the harmonic oscillator problem. The Hamil- 
tonian for a particle of mass m in the potential (7.11) is 


ee a 
(7.14) AS ee ae 
Sa “τῷ 

The corresponding Schrédinger equation appears as 

Ww @o K 
(7.15) —~ tf? 220 = Ep 

2m éx? 2 
In the classically accessible domain, E> Kx?/2, and this equation may be written 

πὰ Gx τ --ἰὴφ 

(7.16) ΠΕΣ 

Se Se eg 

2m 2 


The wavefunction is oscillatory in this domain, 
In the classically forbidden domain where 5 E <Kx?/2 and the 


Schrédinger equation becomes . = ἢ 
sz 
a. KO ses φ 


(7.17) hex? 


Go the wavefunctien is nonoscillatory in this domain. In the _asymptotic domain 
Kx?/2 > E, the Schrédinger equation becomes : 


mK = Kb a. φᾶς οἷος. ἢ 
(7.18) Qn = GX O = β'χφ ow > Se Se 
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lad 


where β is the characteristic wavenumber 


2: Mo Urssgy -Qisars5 

{7:9}. - p= Stine. χά ὁ ee 
In terms of the nondimensional displacement ἄς. Sex) ~ 6 

(7.20) & = px Ξ =e ὁ 

τς 
* τι 
71 dowdy due Pde sgraveyey = gs 
(7.18) appears as τ ἽΣ ie > $75 ΕΣ 


E> aa) 


In the domain under consideration, ξ > 1 and the solution to the latter equation 


appears as 7 
2 2 
o~Aexp(+5) = Aexp| + er) 


The growing solution (+) violates the normalization condition 


(7.21) [ g*pdx « a 


πο 


and one is left with the exponentially decaying wavefunction 


: Ζ 2 
(7.22) g ~ Aexp (- 5) = Aexp [- my | 


The character of the wavefunction changes from oscillatory for x? < xo? to decaying 
for x? > Xo’, so the turning points x = +X are also physically relevant in quantum 
mechanics. These properties are depicted in Fig. 7.6. 


FIGURE 7.6 Typical behavior of 
energy eigenfunction for the simple 
harmonic oscillator. 


Sa Ὁ ὧν 
ᾶ. ae 5 3 
A Fe 


τς ον GSE Meas) 
eas 
es BI = 
Th he, G(s 82) 
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Annihilation and Creation Operators 


We turn to a general formulation of the solution to (7.15). The technique of solution 
we will develop is known as the algebraic method. It involves the operators 


(7.23) 


Inasmuch as ἃ τὰ 4‘, ἃ is non-Hermitian. The Properties that these operators have 
are determined through the fundamental commutator relation 


(7.24) [% Pp] =ih 
For instance, it is readily shown that (see Problem 7.5) 
ἃ, ἃ -- 1 «99 
(7.25) ἘΠῚ 
aat -- 1 -- ata 


2 With the aid of the inverse of (7.23), 


(7.26) k= 


the Hamiltonian for the harmonic oscillator becomes 


se i aS ὡσῶ f 
(727) A => + = hog(ata +4) 


In this manner we see that the problem of finding the eigenvalues of A has been 
transformed to that of finding the eigenvalues of the operator 


(7.28) N = ata 
Let ¢, be the eigenfunction of Y corresponding to the eigenvalue n, so that 
(7.29) NO, = πῳ, 


(We do not assume that nis an integer at this point. This property is established later.) 
! Consider the effect of operating on dg, with N. 


Nao, = a'aay, = (aa — 1)ae, = a(ata — eo, 


7.30 
a Rap, = aN — 1p, = an — 1p, = (a — Iag, 


"9 


τ 


Ὁ 


ΠΣ 


184 ADDITIONAL ONE-DIMENSIONAL PROBLEMS. BOUND AND UNBOUND STATES 


n+ a Pn 


at Fn Pn-1 


(a) (b) 


FIGURE 7.7 Schematic representation of the raising and lowering operators a and ἃ. 


It follows that ag, is the eigenfunction of N which corresponds to the eigenvalue 
ned 1. That is (apart from normalization factors), 


ay = Ons 

Similarly, 

(7.32) ἂφ,-α = φ,- 

and so forth. Because of this property, @ is called an ΣΝ or stepdown or 


20 demotion operator. 
3___s, In similar manner, if we consider the operation Nat o,, there results 


(7:33) Nato, =(n + tate, 
This equation implies that ἀφ, is the eigenfunction of N corresponding to the eigen- 
value n + 1. 


(7.34) “BO, = Pnv1 

Similarly, 

(7.35) ἂἶφ, ει = Pns2 E 

and so forth. The operator @! is called a creation or stepup or Ἔ πες operator 
(Fig. 7.7). 


Since the Hamiltonian for the harmonic oscillator is the sum of the squares of 
two Hermitian operators, : 


(7.36) <H>2=0 
(see Problem 4.13). In the eigenstate @,,, 
τς Ag, = hol 8 + Poy = hoon + Don 
~~ (φ, Π’φ,} = hoo(n + 4) 5 0 
This implies that the eigenvalues n must obey the condition 


(7.38) NEF 


(7.37) 


b> 


2 = wn τ 
~ ὃς 
τὸς 
are on) 
Koy) 
ο. 4 


or 


or 


of 


3 
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That is, all eigenstates of A, or equivalently ΝΥ, corresponding to eigenvalues n < —} 
must vanish identically. For the harmonic oscillator such states do not exist. This 
condition is guaranteed if we set 
ao 
(7.39) 5&7 apy = 0 
With (7.31) we obtain 
aQo = Puy = 9 

(7.40) ᾿ 

Ao- ι)Ξ 9-2 = 0 


- 2253 
As will be shown, (7.39) has ἃ nontrivial (i.e., other than zero) solution for gp. Further- 
more, 


(7.41) Ngo = ἃϊᾶφς = 0 = Οφο΄. 


¥ and we may conclude that the eigenvalue of N corresponding to the-eigenfunction 


2 


τ 
\ 


163 19 


@o is zero. It follows that 
Nato = ἃ' Δᾶϊφο = at(ata + 1)oo = ate 

(1.42) Ξ ὩΣ ο = a Po Po 
“ον = Naty = Ἰᾶϊφο = φ 
The eigenvalue of N corresponding to , is the integer 4. This construction (same as in 
Eq. 7.34 et seq.) allows one to conclude that the index n, which labels the eigenfunction 
Qn; is indéed an integer. a. 

—+ Repeating (7.37), 


(7.43) Ag, = hoo(n + 3)Pp 
one finds that the energy eigenvalues of the simple harmonic oscillator are 
(7.44) E,=ho(n+4) (n=0,1,2,...) 


The energy levels are equally spaced by the interval ha (Fig. 7.8). If a molecule, for 
Pavlos HCI, which resembles a dumbbell, has vibrational modes of excitation (the 
arm of the dumbbell acts asa spring), the Bohr frequencies emitted by the molecule 
fall in the scheme - 3° τ΄ τ 


(7.45) hy = Ey — E, = hooo(n' + ἢ) — ho(n + 4) oe 


= ha(n' — n) = hags : 
ἀπε τε eating δε Μ την γαῦλα, 


In the latter sequence of equations, n and n’ are integers, so their difference, 5, is also 
an integer. It follows that the frequencies emitted by a vibrational diatomic molecule 
are integral multiples of the natural frequency of the molecule, vo (Fig. 7.9). 

ι- 


“A 


t= = \ 
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S FZ hwy 
9 
4 5 hwy 
7 
3 5 hwo 
2 = 
2 5 Rw 
De 
1 3 hw 
0 2 hwy ——_+——_ Lowest energy of harmonic 


E=0 oscillator = Ey = F hw 
= “zero-point energy” 


FIGURE 7.8. The energy levels of the simple harmonic oscillator are equally spaced. 


FIGURE 7.9 Spectrum of a vibrational 
———> diatomic molecule. 


PROBLEMS 


7.2 A harmonic oscillator consists of a mass of | g on a spring. Its frequency is 1 Hz and the 
mass passes through the equilibrium position with a velocity of 10 cm/s. What is the order of 
magnitude of the quantum number associated with the energy of the system? 

7.3 The spacing between vibrational levels of the CO molecule is 2170 cm 1 Taking the mass of 
C to be 12 amu and O to be 16 amu, compute the effective spring constant K, which is a measure 
of the bond stiffness between the atoms of the molecule. [Hint: The mass that enters is the reduced 
mass, mM/m + M. The spacing between lines is given in terms of wavenumber k = 2π|λ, where 
w = ck (c = the speed of light), so that Aw = c ΔΚ. ae 

7.4. The derivation in the text of the eigenvalues of Nis based on the constraint that there are no 
states corresponding to the eigenvalues n < —4. This constraint was guaranteed by setting 
Gg, = 0. It would appear that it can also be guaranteed by setting 4g, p= 0, for in this case 


4012 = φοβ =0 


(Psy ks Et Se Ὸ en Cre We = ξ αν 5. ΠῚ σωος γι ν Ὁ. 
VU Wd Ge ἢ 
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Show that x/2 as defined is an eigenfunction of N with the eigenvalue zero, hence @,. is more 
properly termed @o. 
AS Using the fundamental commutator relation 


[&, 6] = ih 
show that 


[ἃ, 4) Ξε 1 


7.3 EIGENFUNCTIONS OF THE HARMONIC 
OSCILLATOR HAMILTONIAN 


When written in terms of the nondimensional displacement & (7.20), 


(7.46) ἐξ — "x? = px? 


the operators ἃ and at become 

ee ip) β Se a 
--α(ε) Tal * macs) - (τῇ) 
 ~ (tae) ted eat 
© PAN mao) Δ ieog ax) ~ 75 \* δὲ 


The time-independent Schrédinger equation becomes 


(7.47) 


DEN 2E : 
᾿ 288 Ὁ 1-- --- ρ - --Ξ -- - ξφ 

(7.48) (2 a+ : a Pet (Ξ ξ )e 0, 
f 2 The ground-state wavefunction φρο of the simple harmonic oscillator Hamil- 
fe tonian obeys (7.39) 
f ago = 0 
1 or, equivalently, 
θ 

(7.49) (< a =) =0 
Γ : δὲ Po = 
B 


This has the solution 


(7.50) Po = Age *? 


4 
Z 
é 


mo 


10 
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The requirement that φρ(ξ) be normalized implies that 


= s Pope ack a 2 
ΑΝ 1 [ teol ae: Ao iz ἀξ = Judy 


Aga t 
80 


as 


In terms of the dimensional displacement x, the normalized ground state is 
(7.53) @o(x) = Βοο “2 = Boe 9 
Normalization gives 


τ ἃ agy = Bo (7 ge ge - Bev 
1= J toads = 3" ere ag = 5ιᾺ 


τα 


(7.54) 


2\ 1/4 


Polx) = (F) πον 


The ground state gp is a purely exponentially decaying wavefunction. It has no 
oscillatory component. The higher-energy eigenstates, on the other hand, will be 
found to oscillate in the classically allowed domain and decay exponentially in the 
classically forbidden domain. | ee 
With φο given by (7.52), the remaining normalized eigenstates of the harmonic 
oscillator Hamiltonian are generated with the aid of the creation operator 4", in the 
following manner: ὡς: 


(7.55) WEE ato, = =a 9 


1 
On= = (4'Y"Go 
Val 
With at written in terms of ξ, as in (7.47), the equation for gy, above becomes 


ὃ 2, 
A= A(é = δ} ie 


(7.56) @, = A,2ée~#? 


Α, Ξ-Ω π)""» 


is) 


κ 


\s τον οὐδ Asoc Wa ns ἘΠ ΝΡ ie --; 

dora ARs Neca ssorils rmgy hak = (ery Q. 

Sap er οἷς ee βου. κεῖ yaisl t= 375 

ΠΕ τ. - τ του ἘΞ ey = 
Rn (t-Be). ἐξ ᾿ξ (ὦ ews = oA ne) 

jaa τσὶ ee)" OA SS και Ane! os? 


"ὦ 
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where A, is the normalization constant of g;. The nth eigenstate is given by the 


formula 


(7.57) 


o.= Ale 5) ee 


The nth-order differential operator (a')", when acting on the exponential form 
exp (—€?/2), reproduces the same exponential factor, multiplied by an nth-order 


polynomial in ¢. 


(7.58) 


ς 


Δλη" 


Thus the nth eigenstate of the simple harmonic oscillator Hamiltonian may be 
written together with its eigenvalue as 


(7.59) 


On = A, H (Oe 2? 


E, = hao(n + ἢ) 


The nth-order polynomials #,(€) are well-known functions in mathematical 
physics. They are called Hermite polynomials. From (7.56) we see that #, = 2€. 
The first six Hermite polynomials are listed in Table 7.1. : 


TABLE 7.1 The first six eigenenergies and eigen- 
states of the simple harmonic oscillator Hamiltonian 


n 


é, Pn 


Ubwnre oO 


hag /2 Age="? 


3hur/2 A,2ée#? 

δώ A,(4é? — 2γ. 92 

Thedo/2 Α((8ξ3 = 122) 

Qherg/2 Ag(16E* — - 4883 + 12)e7 7? 

Lhero/2——-Ag(32E5 — 1602? + 120)e7 8"? 
A, = ("πὶ πὴ. "2 


The nth-order Hermite polynomial #,, enters in the eigenfunctions φ, of the quantum 
mechanical harmonic oscillator as 


OnE) = AnH (Ee 7? 


#,, is a solution to Hermite’s equation, 


H,! — EH, + nH, =0 


in 
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The formulas connecting ¢, and ¢,,, (see Problem 7.9) are very useful in many 
problems relating to the simple harmonic oscillator. In Dirac notation they appear as 


ale,> =n"? |9,~1) 
ato.) = (1 + 1)!? |e 


In place of |¢,>, let us write the ket vector |n>. In this notation the equations above 
appear as 


(7.60) 


(161) a|n> =n'?|n = 1) 
at|ny = (n Ὁ 1)'P|n + 1) 
Let us check that 
(7.62) Nin> = nny 
With the aid of (7.61), we obtain 
Ges ata|n> = atn!/?|n — 1) = n/?n!/? |n> 
ata|n> = N|n> = n|n> 


Inasmuch as {¢~,} are normalized and are eigenstates of a Hermitian νῶν" 
they comprise an orthonormal sequence. 


(168) τ [εὐνάς = ον = by 


To gain familiarity with the manner in which these concepts are used in problems, we 
will work out a few illustrative examples. 

Ξ First, consider the question: What is <x} in the nth eigenstate ¢,,? Here we must 
calculate = 


(7.65) <x) = <n|£|n) 


ws 9." + atin) 


Se {n'/?<n|n — 1) + (n+ 1)1/?n|n + 19} 


=0 


The last step fellows from the orthogonality relation (7.64). The fact that the average 
value of x in any eigenstate ¢, vanishes is a consequence of the symmetry of the proba- 
bility density P = ||? about the origin (see Fig. 7.10). a ἶν- 


0.75 
0.60 
% 0.45 
0.30 
0.15 


= 2 
Py = 19, | 


P, =I, 1? 


2 0.0 


ly, 12 


Pq 


Py 


τς Οὐ 


ὁῤῥο»»» 
an Ὁ ἴ Ὁ δ 
| | | | 
‘ P, = Ip, |? 


0855-3000 30 6.0 ¢ 


FIGURE 7.10 The first six eigenstates of the simple harmonic oscillator and corresponding probability 
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The second example we consider is the expectation of momentum p, in the nth 
eigenstate @,,. cs 


ma, 


(7.66) <p> = <n|B|n> = R 


το τ 
= 0 ημ(η] — 1) -- (n + 1)!2Xn|n + 1} 


Vib 


=0 


In any eigenstate @, of the Hamiltonian of the simple harmonic oscillator, the proba- 
bility of finding the particle with momentum 4k is equal to that ef finding the particle 
with momentum —fk. Were we to express ¢,(x) as a superposition of momentum 
eigenstates, exp (ikx), we would find the probability amplitude b(k) to be an even 
(symmetric) function of k [i.e, b(k) = b(—4)]. = 


Correspondence Principle 

Next, we consider the manner in which the solution to the quantum mechanical 
harmonic oscillator problem obeys the correspondence principle. To these ends let us 
calculate the classical probability density P, corresponding to a one-dimensional 
spring with natural frequency wo. Let the particle be at the origin at { = 0 with 
velocity χοώρ. The displacement at the time ¢ is then given by 

X = Xo SiN (Wot) 


(7.67) 
X = Xp Wo COS (Wf) 
This gives the correct initial data 
x(0) = 0 
(7.68) 
X(0) = Xoo 


The product P(x) dx is the probability of finding the particle in the interval dx about 
the point x at any time. If Tp is the period of oscillation 


2π 
(7.69) Ty = ae 
then 
dt Wodt 
(7.70) Pdx = τ, Tay 
where 
(7.71) dx 


| 
| 


—— 


pre TT > 
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Using (7.67), one obtains 


72) deme 
Ji @o./Xo7 — x? 
so that 
Mo dx 
7.73 Pdx = dt 
oe 2n 2n./ Xo? — x? 


The probability density so found is normalized with respect to the angular displace- 
ment dl) = Wp dt, 0 < U < 2x. The interval in displacement x is one-half as long, so 
the properly normalized P function, over the interval —xy < x < +X, is 


1 


tek x 
+xo 
J P(x) dx = 1 


xo 


P= 
(7.74) 


This function is sketched in Fig. 7.11, where it is superimposed on the quantum mech- 
anical probability density corresponding to a state with n > 1. The singularities in P 
at the turning points +X, are due to the fact that the particle comes to rest at these 
points. 
The correspondence which the quantum mechanical formulation displays in the 
present case is clearly exhibited in Fig. 7.11, where we see that 
lim <P, = Pc 


no 


(7.75) Soci 
(POM) = 5 [φίλ () ἀν 


The superscripts QM and CL denote quantum mechanical and classical, respectively, 
and ¢ is an arbitrarily small interval. The integral above is called a local average. 
It represents the average of P® in a small interval centered at x. 

The classical configuration that corresponds to the quantum state in which a 
set of commuting observables are specified is the configuration which includes these 
same parameters as constant and known. Thus, in the problem of a particle confined 
to a one-dimensional box, considered in Chapter 4, when one concludes that the 
classical probability density is uniform, it should be noted that this is the case provided 
that all one knows about the particle is its energy. The classical state of this system 
permits a more elaborate description. Unlike the quantum case, for the classical 
particle one may specify both its energy and position in time, x(1). Given this maxi- 
mally informative classical description, the configurational probability density 
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Lin 


i" | 
i a it 


FIGURE 7.11 Classical probability density 


| 


——— 


1,/ Xo? — x? 
superimposed on the quantum mechanical probability density 

P,™ = l,)? 
For the case n > 1, 


lim <P) = Pt 


becomes dfx(t) — x]. When one speaks of configurational correspondence in the 
limit of high quantum numbers, what is usually meant is that in this limit the quantum 
probability density goes to the classical probability density in which, consistent with 
the quantum description, not more than the energy is specified. 

In our consideration of correspondence for the harmonic oscillator, this rule 
is again obeyed. The expression (7.74) for the classical probability density is relevant 


rr = 9 
ras “Ὁ. 8 fen Ca Ae at) wee ein aaPson = Ὁ (-1) 


τ τὸ TP _<ple) OP ee eee 
G6 4.025 am )-2 = - 


ἜΣ 


|. fer (E = ay ΓΈ πα’ τ - μῳ; 


ae δι ο - S τὺ GT ῳ - Ξ ξ 
ἱ ae eco ¥en ety Das ἘΠ ΤῊΝ 
τοι δὲ τς Bay (Qs ytse a 

ἈΕῚ ὦ a = (Ute w-E) Ὁ 

ποῦ ἢ eM ἐν Bar < hes = ae ie 

οὐ sah ee eet ΤΟΣ ἊΣ 
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to the case where only the amplitude x9, or equivalently the energy E = Kx 7/2, is 
known. The quantum density sketched in Fig. 7.11 is likewise connected to the energy 
eigenstate φ, for which measurement of energy finds with certainty the value E,. 


PROBLEMS 


#76 (a) Show that the Hermite polynomials generated in the Taylor series expansion 


exp (261 — 1?) & 


are the same as generated in (7.58). 
(b) Show that #, as generated by 


(8) = (- "7. τς “ἢ 
Cc 


ς 


are equivalent to those given by (7.58). 
(c) Use any of the preceding relations to establish 


Ff = NH 4 
. (d) and the recursion relation 
Hy) = EH, — N#,_, 
(e) Use the generating formula of part (b) to find #4(€), #,(&), and #,(€). 

7.7 The general formula for the normalization constant of φ, is 

A, = (2"n!/x)- 2 
Show that this gives correct normalization for @,. 
7.8 Show directly from the form of φ, given by (7.57) that 


a 
Bo, -- (-}φ, 
where P is the parity operator. 
“Ὲ 79 (a) Show that the normalized nth eigenstate φ, is generated from the normalized ground 


state @o through 
1 τς 
= ---Ξ- (a Z 
: Re: "Pe 7 | 


(b) Show that part (a) implies the following relations. 
ap, =n" 9, =) & 
ao, = (2+ 1)"ῆφ, ει 


1/2, 


where ¢,,, @,-1, and g,. , are all normalized. 
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7.Y¥E Show that in the nth eigenstate of the harmonic oscillator, the average kinetic energy ¢T> is 
equal to the average potential energy <V). That is, 5 


K 1 
Wa FE9 = (T= 


1 hwo 1 
=-¢E> =— = 
P= 5 (x Ἔ 3 
Answer (partial) 


< y= Soy = [ζῶα + ar 


Ὁ 


" 


(ξ)ωι: + at? + (ἀᾶ' + δ')}") 


cs 


= (ζ)» + 0+ {(η( + 2N)|n>} 


hwo 


vy = Mea + 2m = M2 (n+ 3) 


2, 


7.11 In Problem 7.2, what is the average spacing (in centimeters) between zeros of an eigenstate 
with such a quantum number? 


7112 A harmonic oscillator is in the initial state 
_ WGx, 0) = Gal) 
that is, an eigenstate of A. What is W(x, )? = 
7.13 For a harmonic oscillator in the superposition state 
a a 
Wx, D = WA [Wolx, 1) + Wi ἢ] 
show that 


<x> = C cos (wot) 


In the notation above, 


(iE, t 
1 ω 
ψ,(α, ἢ = φιίχ) EXP (- h ἡ 
7.14 Show that in the nth state of the harmonic oscillator, 
C= GRY = (tx? 
<p?> = (Ap)? 


aa ΜΉ 
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1.15 Find <x) for a harmonic oscillator in the superposition state 
ὃ 1 
ψα. ἢ = — ols.) + va, ἢ] 
2 


The harmonic oscillator has natural frequency wp. 
7.16 A large dielectric cube with edge length L is uniformly charged throughout (its volume so 
ΖΚ that it carries a total charge Q. It fills the space between condenser plates, which have a potential 
difference ®, across them. Anelectron is free to move in a small canal drilled in the dielectric normal 
to the plates (Fig. 7.12). 
The Hamiltonian for the electron is 


(a) _ What is the spring constant K in terms of the total charge Q? 
(b) What are the eigenenergies and eigenfunctions of H? [Hint: Rewrite the potential 
energy of the electron as 


KS; K ᾽ > 
ea + 27x) SG i ce eee oS 
᾿ς eb, 
eae 


then change variables to z = x + y. To evaluate K, use Gauss’s law (neglecting “edge effects”).] 


Uniformly charged dielectric of 
total charge Q fills space 
between 
condenser 
plates Ρ 


Canal through 
center of 
dielectric 


2 


FIGURE 7.12 Configuration described in Problem 7.16. 
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7.17 (a) Show that the time-independent Schrddinger equation for the harmonic oscillator, 
with the energy eigenvalues (7.44), may be written 


G+ Qn+1—-@)p=0 
(b) Using the relations of Problem 7.6, show that 
= H(G)e 8? 


is a solution to this equation. 
(c) Obtain Hermite’s equation 


ee σέ," — 2H, + NH, = 0 
7.18 Use the uncertainty principle bene x and Ρ to derive the “zero-point” energy 


Eo = Hiw grope h 

οἵ ἃ harmonic oscillator with natural frequency @o (see Fig. 7.8), PDF Ve 

i 719 Show that J Se wets 
/ ᾿Ι ἐς 


in the nondimensional é notation, 
7.20 Show that the asymptotic exponential behavior of ¢,(€) agrees with that Suined directly 
from the Schrédinger equation, in the limit that  -- 00. 


17.21 Show that 
oy ὃ 
{ =e 4 = — δὲ 
in 52 (see Eg. 4.31). 


- 7122 (a), What is the asymptotic solution ¢, to the Schrédinger equation (as given in Problem 
7.17) 
Qe t+ Qn+1-&)p =0 

in the domain 

& <1+2n~2n? 

(Ὁ) Show that 
i <P,> = <|G_l?> = constant 
Answer 
In this domain the Schrédinger equation above becomes 
Gz + Ing =0 


tly 


THE HARMONIC OSCILLATOR IN MOMENTUM SPACE 199 


which has the (even) solution 
Z = 
ᾧ, = C cos (,/2n €) 


It follows that the local average of |G, |? in this domain is given by 


C2 Ete 
l= Ff cos? ( 72η ἢ ἀξ 


2 
-Ξ. itz Pei os (2,/2ne) cos (2/2n on 


Cc 
lim <P,> = -- 

πὶ a 
This result explains the flatness of <P®) in the centrat domain aed 2n, as seen in Fig. 7.11. 


7.23 Estimate the length of interval about x = 0 which corresponds to the classically allowed 
domain for the ground state of the simple harmonic oscillator. 


Answer 
The turning points occur at 
h 


= +1  orequivalently at x = + /—— 
MW 


Il 


At this value, ||? is e~* times smaller than its value at the origin (Fig. 7.18). 


// 1.24 Show that in the nth stationary state [πὲ of a harmonic oscillator with fundamental fre- 


quency @p, 


Ap dx = = Wn ἢ 
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Representations in Quantum Mechanics 


Let us recall Eqs. (4.42) et seq., which relate the wavefunction-¢(x) to the momentum 


coefficient δ. τ 5 : aia 
ΞΞ , O32 Ξ ΣΣ 
ote) = [bon dk ee Γ 
098. - eg 
ων Ξ 
: ba) = [ ootdx = «τῷ a 


+ 19 


" 
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The eigenfunction of momentum corresponding to the value p = hk is g,..The wave- 
function (x) gives the probability density in coordinate space through the Born 
relation = S < 

(7.77) P(x) = |(x)? 

The momentum coefficient b(k) gives the probability density [probability of finding 
the particle to have momentum in the interval hk to h(k + dk)] in momentum (k) 
space through the relation 


(7.78) P(k) = |b(K)|? 


The integral formulas (7.76) serve to determine (x) given b(k), and vice versa. It 
follows that any information contained in g(x) can be obtained from knowledge of 
b(k) and vice versa. Given the Hamiltonian of a system, φί(χ) is determined» Let us - 
construct an equation which similarly determines b(k) from the Hamiltonian [i.e., 
without first finding (x)]. To these ends we first recall the time-independent 
Schrédinger equation for the harmonic oscillator. ἕ 


HC Kx. 
(7.79) : (- ee Joc = E(x) 
Substituting the Fourier decomposition of g(x) above and noting the equality 

a 
(7.80) xo, = +i 
gives 

242 K 22 Ὁ 
(7.81) φ: dkb(k){ —— : —=55)]0=E [ dkb(k) gy, 
2 0k - ταν 
Integrating the second term on the left-hand side by parts twice and setting 
(7.82) b)a+0 =9 
gives 
2 h2k? K 82 
5 Ne) E = 

= [Iz aos ( Im 20K κω] 


It follows that the term in brackets is the Fourier transform of zero, which is 
zero. We conclude that b(k) (appropriate to the harmonic oscillator) satisfies the 
k-dependent Schrédinger equation 

h?k? ΞΕ 85 
ἴηι 2 ok? 


This equation is also called the δομγδάϊηρον equation in momentum representation. 


(7.84) oa - Eb(k) 


ree RRR TY HEY 
m - , 
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We note that the Hamiltonian in momentum representation includes the simple 
multiplicative operator fik in place of p and the differential operator +i0/ck in place 
of x. This rule for obtaining the structure of the Hamiltonian in momentum represen- 
tation always holds providing the potential V(x) is an analytic function! of x « (i.¢., hasa 
well-defined power-series expansion). For such cases the Schrédinger equation in 


” either coordinate or momentum space is obtained. through the recipes: 


In x-space: A(x, p) > a(s, = = 
Ox 


In p-space: A(x, nals sit) 
POX + ‘cos 


The time-dependent Schrédinger equation in momentum representation appears as 
ὃ 
(7.85) ihe = τρί, t) = ἤ(ῶρ(ι, ὃ 


Paralleling the development of 8 70) permits the solution to (7.85) for the initial- 
value problem for b(k, t) to be written 


(7.86) b(k, t) = exp (- γα, 0) 


For free-particle motion with H = 4?k?/2m, the latter relation gives 
(7.87) [b(k, Ὁ} = {b(k, 0)|? 


The momentum probability density for free-particle motion is constant in time. 
Geometrically, the function b(k) is the projection of the state (x) onto the 


momentum eigenstate φ (recall Eq. 4.44). = 


(7.88) (kK) = <exle> 
aa 


For any given state (x), the function b(k) represents a distribution of values, corre- 
sponding to the projections of g(x) onto the set of basis vectors {φι}. The functions 
b(k) and ¢(x) are equally informative. In momentum representation a state of the 
system is represented by its projections onto the basis of Hilbert space {or}. (See 
Fig. 4.6.) 

This is analogous to the statement that a vector B in 3-space is represented by 
its projections onto the three unit vectors e,, e,, and e., namely B,, B,, and B.. 


+ In the more general case the Schrédinger equation in momentum space becomes an integral equation. These topics are 
discussed in greater detail in E. Merzbacher. Quantum Mechanics, 2nd ed., Wiley, New York. 1K 


"ὦ 
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These are not the only basis vectors one can use to represent the vector B. For instance, 
one can employ the basis e,’, e,’, and e,’ given by 


Ξ 1 
e, = a τ 
(7.89) 3 1 
c, == (e, —*)) 
yp 
ε; Ξε; 


(See Fig. 7.13.) In this basis B is represented by the three components 
1 
Ὁ 
There are countless other triads of unit vectors which are valid bases of 3-space 
(i.e., they all span 3-space). The three components of B in any one of these represen- 

tations completely specify B. 

Similarly, one may describe the state of a system in quantum mechanics in 
different representations. In each of these, a distinct set of vectors serves.as a basis of 
Hilbert space. Particularly important in the theory of representations is the concept of 
common eigenfunctions of some complete set of commuting operators relevant to a 
given system. Suppose that the complete set of commuting operators are A, B, and C. 
In the state φως (common eigenstates of A, B, and C) one may specify the “good” 
quantum numbers a, b, and c. The state of the system cannot be further resolved. 


Such states may serve as a basis of Hilbert space. The representation in which all 
states are referred to the basis {@,,,} is called the abc representation, just as we call 


B = (B,’, By, B.’) = —=(B, + B,, B, — B,, \/2B.) 


FIGURE 7.13 Projections onto two sets of basis 
yectors (in the xy plane) of the vector B. The two bases 
are related through (7.89). The z component is the same 
in both representations. 
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the representation in which states are referred to the eigenfunctions of momentum, the 
momentum representation.' One also speaks of the abc representation as the one 
in which A, B, and € are diagonal. 


PROBLEMS 


7.25 Show that b(k) is even for any even potential V(x) = V(—x). What can be concluded about 
the oddness or evenness of b(k) if V(x) is an odd function, V(x) = —V(—x)? 
7.26 Whatare the eigenfunctions b,(k) of the harmonic oscillator Hamiltonian A(k)in momentum 
space (as given by Eq. 7.84)? [Hint: Note the similarity between A(k) and A(x), and the boundary 
conditions of ¢,(x) and b,(k).] 
7.27 What is the Schrédinger equation in momentum representation for a free particle moving 
in one dimension? What are the eigenfunctions b(k) of this equation? “ 
7.28 Consider the Gaussian wave packet whose initial momentum probability density is given 
by (6.45). 

(a) What is |b(k, |? att > 0? 

(Ὁ) What is Ax Apatt > 07 

“2: Consider an arbitrary differentiable function of p. 9(p). Show that with p = p and αὶ = 

+ih o/ep, - 


[8, Plo(p) = ihe(p) 


-30 Whatis the eigenfunction of the Operator ἅν, in the momentum representation, corresponding 
to the eigenvalue x? That is, give the solution to the equation 


£9(P) = χφ,(ρ) 


7.31 Let |x") denote an eigenvector of the position operator ἃ with eigenvalue x’ and let |k> 
denote an eigenvector of the momentum operator f with eigenvalue hk’. Show that 


(a) «ἀκ = δά — ΚἼ 
(Ὁ) <x|x") = d(x — x’) 


exp (ikx) 


1 
(Ὁ) <x|k> = ΠῺΣ 


For each case, state in which representation you are working. 
7.32 Suppose that the operators ἃ and @ in 


σ᾽ ἢ = μωρ(ᾶ!ἃ + ἢ) 
obey the anticommutation relation 


(ἃ, a} = at + ata=1 


ὁ For further discussion of the coordinate and momentum representations, see Appendix A. 
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(a) What are the values of a|n> and a'|n> that follow from the anticommutation relation 


above? Vea eae 
5:39) Since <H > = 0, for consistency we may again set 
aj0> =0 


Combining this fact with your answer to part (a), which are the only nonyanishing states |m>? 
2c) If, inaddition to the anticommutation property above, ἃ and δ᾽ also obey the relations, 
(ἃ. ἃ) = (Δ', ἃ} = 0, show that Ν-Ν 


Answer (partial) 
(a) ain) = Jall-ay Ὁ 
a@ jn) = /1— nll -- πὸ 
(b) The only nonvanishing states are |0> and | 1. [Nete: Anticommutation relations 
between ἃ and a are used to describe particles that obey the Pauli exclusion principle.’ In this 
context the operator N denotes the number of particles in a given state so that (b) implies that there 
is no more than one particle in any state The |O> state is called the vacuum state. The formalism 
is known as second quantization.” ] 
£33 What is the lowest value of kinetic energy {ΤῸ a harmonic oscillator with frequency (9% 
can have? aa ἐτι rex 
Answer 


In Problem 7,10 we found that in the nth eigenstate of the oscillator 


he 1 he 
W=<T>= - (1 + ie 
2) 4 


Thus, the lowest allowed energy of the oscillator is hor)? It is impossible to force the oscillator toa 
Jower energy. In a solid. for example, whose nuclei are bound together by harmonic forces, this 


a 


zero-point energy persists δ. Ὁ Κ᾿ (See Problem 7.18.) eh 


es 


7.5 UNBOUND STATES 

Ifa wavefunction y represents a bound state (in one dimension), then 

(7.90) ιψ13 + 0. |x[ > x2 

for all τ. A wavefunction that does not obey this condition represents an unbound 


state. The square modulus of a bound state gives a finite integral over the infinite 
interval. i 


(7.91) [ lwPdx<x 


" πω 


‘A formal statement of this principle is given in Chapter 12. See also Appendix B. 
2 Second quantization will be encountered again in Chapter 13. 


” 
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V(x) = constant = 0 V(x) = constant = V 


FIGURE 7.14 One-dimensional scattering problem. Incident particle current Jinc initiated at x = - x 
is partially transmitted (J,,,,.) and partially reflected (J,.,,) by a potential barrier V(x). The potential is 
constant outside the scattering domain. 


The square modulus of an unbound state gives a finite integral over any finite interval, 


(7.92) [we dx< ©, |b—al< x 


—The eigenstate of the momentum operator 


eikx 


1 
(7.93) A(x) = —= 
2x 

represents an unbound state. The eigenfunction of the simple harmonic oscillator 
Hamiltonian 

(7.94) φ,(ξ) = A, HO, (Ee 2 

. gas Ne ἐν Ξ 

(see Section 7.3) represents a bound StatepUnbound states are relevant to scattering 
problems, Such problems characteristically involve a beam of particles which is 


incident on a potential barrier (Fig. 7.14). 
Since [᾿ς |w[?.dx diverges for unbound states, it is convenient to normalize 


the wavefunction for scattering problems in terms of the particle density p. For one- 
dimensional scattering problems we take 
x Wl? dx = pdx = dN 


= number of particles in the interval dx 
(7.95) Ἔ 


i] 


δ᾽ 
τς fra N 
‘a. 


= number of particles in the interval (b — a) 


ἜΓΨΕΣ 
2 
3 
Chx=e0) 
A 
Sarcticlen, 
Prebobslity, 
1 
Vine 


τὼ 
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For a one-dimensional beam of 10° neutrons/cm, all moving with momentum p = hiko, 
the wavefunction is written 


y= 107/2¢ito-= 99, ιψ|2 = 10° οἷ 
(796) WK, ake 
So = 


AAP. 

The sole difference between Ψ so defined and a wavefunction whose square modulus 
is probability density is a multiplicative constant. It follows that Iwi, when referred 
to particle density, is proportional to probability density also. For uniform beams, 
{Ψ 1} is constant, which in turn implies that it is uniformly probable to find particles 
anywhere along the beam. This is consistent with the uncertainty principle. For 
instance, for the wavefunction (7.96), the momentum of any neutron in the beam is 
hko, whence its position is maximally uncertain. 


Continuity Equation 


One-dimensional barrier problems involve incident, reflected, and transmitted 
current densities, ἅς. ἃ, ει. ANd Jieanss Tespectively. In three dimensions the number 
density and current density J are related through the continuity equation Fi 


{19} ΝᾺ (5. 5, -- ἘΜ ΞῸ 


To clarify the physical meaning of this equation, we integrate it over a volume V 
and obtain 


(7.98) 


The total number of particles in the volume V is 
(7.99) N= [ pd 
ws 


(Gauss’s theorem was used to transform the divergence term.) The surface S encloses 
the volume V (Fig. 1 Ὲ Equation (4.98) says that ‘the number of particles in the 
volume V changes by virtue of a net flux of particles out of (or into) the volume V, 
It is a statement of the conservation of matter because it says that this is the only 
way the total number of particles in V can change/If particles are born spontaneously 
in V with no net flux of particles through the surface S, then @N/dr > 0, while ΠῚ -dS 


= O/and (7.98) is violated. 


_ 


tye Bind Pexticlecsy _ τοῖο Aho ste wea τους, Fess, 
δος a Pacticle aS a LoCelized Character 15. = 


__ pest best 5 See j 

saree Iss eosadiny ὅς Which cefeesants Lacoli2o bien 
2 Went Chelly opriscsionts Mad Packets = o\ Ra x? area τας 
ἐκ τα το ναῦς sae Sar BSS nS ΣῚ Lay 300 


οἱ felts dog τότε fatleatog 


ipo 


τοῦ 
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J-dS>0 
dS for particles 
leaving V 
FIGURE 7.15 Geometry relevant to integration of 
the continuity equation. 


If particles are moving only in the x direction, 
(7.100) J = (J,, 0,0) 


and the continuity equation becomes 


op as, 
101 = +—==0 
(7.101) δι + ΜΝ 
We already have identified p with [Ψ 2. To relate J, to Ψ, we must construct an equa- 
tion that looks identical to (7.101) with ||? in place of p. Then the functional of Ψ' 
which appears after @/éx is J,. 
The wavefunction for particles in the beam obeys the Schrédinger equation 


age oo a ae  ν 


of 
(7.102) δι h 


The time derivative of the particle density y*y is 


(miay | EM ay oe (Sey) + os) 


ot h 
For the typical one-dimensional Hamiltonian 
“s 
(7.104) ὌΠ 8: - waz V(x) 


the latter equation becomes 


opty ih, eo 
τ ταν Wee — Wa) 


(7.105) ay a ou 
ot ὡς 6x [-- (WX v Ox Ὶ κεν: 


"Ὁ 


τω 
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(The subscript x denotes differentiation.) Comparison of this equation with (7.101) 
permits the identification 


αὖος οὐ" 
(7.106) J, = ami? ΞΞ *) 


Note that the dimensions of J, are number per second. In three dimensions the current 
density is written 


᾿ Ν 
(1107) “- ww — uw) ἐς τ" 


and has dimensions cm~?s~'. 


Transmission and Reflection Coefficients 


For one-dimensional scattering problems, the particles in the beam are in plane- wave 
States with definite momentum. Given the wavefunctions relevant to incident, re- 
flected, and transmitted beams, one may calculate the corresponding current densities 
according to (7.106). The transmission coefficient T and reflection coefficient R are 
defined as 


Siting 
Jine | 


(7.108) T= | 


These one-dimensional barrier problems are closely akin to problems on the trans- 
mission and reflection of electromagnetic plane waves through media of varying 
index of refraction (see Fig. 7.16). In the quantum mechanical case, the scattering is 


also of waves. 
Be She 8 a ha 


For one-dimensional barrier problems there are three pertinent beams. Particles 
in the incident beam have momentum 


(7.109) Pine = hiky 
Particles in the reflected beam have the opposite momentum ™ 
(7.110) Pres. = —hk, 


In the event that the environment (i.e., the potential) in the domain of the 
transmitted beam (x = + 00) is different from that of the incident beam (x = — οὐ), 
the momenta in these two domains will differ. Particles in the transmitted beam will 


have momentum hk, τέ hk,, 


(7.111) Praeceaihles 


Wok ss 3h. Sour Ge: 

ees ee σα: 

pe He Bobet ig 
Scaloc/ Complex λα 


&= δ. εἰς τωὴ 


(4) 


k 
v=0 v=0 
FIGURE 7.16 (a) Scattering of plane 
Seto priser electromagnetic waves through domains of 
y= Ae ἐπ yaa Hy different index of refraction n. (b) Scattering 
of plane, free-particle wavefunctions 
(b) through domains of different potential. 
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In all cases the potential is constant in the domains of the incident and trans- 
mitted beams (see Fig. 7.14), so the wavefunctions in these domains describe free 
particles, and we may write - ὦ 


a= Ae2 os": ho, =Eo-= a 
Pea Bettas her, = Exe = Eine 
(7.112) . ties 
Ce Ceo: Ney = Bia = ἘΣ +V 
= Exe = ho, 


ine 
Energy is conserved across the potential hill so that frequency remains constant 
(2, = ω). The change in wavenumber k corresponds to changes in momentum and 


kinetic energy. Using (7.106) permits calculation of the currents 


h 

a io ik A 2 

Sine ami 2ik,|A| 

h i 2 

(7.113) Surans = 5,πὶ 2ika 6] 
ἃ. 7 
Set — Ξ- mi 2|Κι18] 


It should be noted that these relations are equivalent to the classical prescription for 
particle current, J = pr, with p = ||? and v = hk/m. These formulas, together with 
(7.108), give the T and R coefficients 
ς 


(7.114) T= 7 


ky _|B 
ee. 


In the event that the potentials in domains of incident and transmitted beams are 
equal,k, = k, and T = |C/A|?. More generally, to calculate C/A and B/A as functions 
of the parameters of the scattering experiment (namely, incident energy, structure of 
potential barrier), one must solve the Schrédinger equation across the domain of the 


potential barrier. 


PROBLEMS 


ΑΝ Show that the current density J may be written 


1 τῷ τὴν)» 
ΞΡ ἘΨΨΡΝ 


where p is the momentum operator. 
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ΜΕ ΟΝ that for a one-dimensional wavefunction of the form 


Wx, ὃ = A exp [id(x, 1)] 
_ fy (ει δ 
eee a 


7.36 Show that for a wave packet W(x, 1), one may write 
«p> 


- 


a. 
[ s4r= τ m= 


7.37 Show that a complex potential function, V*(x) # V(x), contradicts the continuity equation 


(7.97). Ge Shr MeCessa 4 ote A Saal bi Crete ec. ePlete cle Shri Sti; 
yl (a) Show that if W(x, 1) is real, then 
: J=0 
for all x. 
(Ὁ) What type of wave structure does a real state function correspond to? Ψ & ii 


7.6 ONE-DIMENSIONAL BARRIER PROBLEMS 


In a one-dimensional scattering experiment, the intensity and energy of the particles 

in the incident beam are known in addition to the structure of the potential barrier 
+ V(x). Three fundamental scattering configurations are depicted in Fig. 7.17. The 

energy of the particles in the beam is denoted by E. 

The Simple Step “i 

Let us first consider the simple step (Fig. 7.17a) for the case E> V. We wish to obtain 
* ἴῃς space-dependent wavefunction for all }z The potential function is zero fer x <0 
\ and is the constant V, for x > 0. The incident beam comes from x = -- οὐ. To con- 
ν᾿ struct @ we divide the x axis into two domains: region I and region II, depicted in 
2 Fig. 7.18. In region I, V = 0, and the time-independent Schrédinger equation appears 


as 
h? : Rit 
(7.115) = Fx = Eo = BED 


» In this domain the energy is entirely kinetic. If we set 


hk? 
(7.116) rar 


2. then the latter equation becomes 


E 


(7.117) xx = —ki?Q in region I 


Vox) 


E 
Vv 
x 
ESV. 
V(x) 
E 
Vv 
x 
E>. 


(a) 


V(x) 


E 
x 
Bey. 
Vix) 
E 


Ly. 


(c) 


FIGURE 7.17 (a) The simple step. (b) The rectangular barrier. (c) The rectangular well. 


Ae tkix Cetk2* 
----- ---.... 


---.- 
Be7thix 


Region I Region II 


v1 


bait 


FIGURE 7.18 Domains relevant 
to the simple-step scattering prob- 
lem for the case Ε > V. 
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4 In region Ii the potential is the constant V and the time-independent Schrodinger 
equation appears as 

18 = E Tie 

A —— = = 

(7.118) Im Ὁ.» = (E— Vie 


* The kinetic energy decreases by V and is given by 


2,2 
(7.119) py 
2m 
In terms of Κ2. (7.118) appears as 
(7.120) xx = --κφῖφ in region II 


Writing 9, for the solution to (7.117) and φῃ for the solution to (7.120), one obtains 
φι = Ae™** + Be ** 


(7.121) 
Ou = Ce** + Dew ie 


* Since the term De~“?* (together with the time-dependent factor e~'") represents a 
wave emanating from the right (x = +00 in Fig. 7.18), and there is no such wave, we 

’ may conclude that D = 0. The interpretation of the remaining A, B, and C terms is 
given in Eq. (7.112). To repeat, A exp (ik,x) represents the incident wave; 
Bexp (—ik,x), the reflected wave; and C exp (ik, x), the transmitted wave. 

z It is important at this time to realize that gy, and gy (with D = 0) represent a 

single solution to the Schrédinger equation for all x, for the potential curve depicted 

+ in Fig. 7.18. Since any wavefunction and its first derivative are inuous (see 
Section 3.3), at the point x = 0 where φι and φῃ join it is required that 


(0) = (0) 


7A22 ὃ ὃ 
— £ «ὦ = ξ on(0) 


ὃ These-equalities give the relations 


A+B=C 
(7.123) AuBL Ὁ 
ky 


‘2 Solving for C/A and B/A, one obtains 


ς 2 8 ὦ /ha 
7.124 —= ι 
ss J As Tet Wf Aged teks 


"ῷ 
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T+R=1 


Py Ae lig FIGURE 7.19 Τ᾽ and R versus k;/k, for the simple-step 
ἜΣ ει ae scattering problem for E > V. 


E=V E=0 


Substituting these values into (7.114) gives 
_ ΑΚ κι Ἢ | 1 -- ka/ky 
(1 + (ἀχικ4)}}} 1+ k2/ky 


The ratio k,/k, is obtained from (7.116) and (7.119). 


2 
(7.126) (2) - Εν 


In the present case E > V,so0 < k,/k, < 1. For E > V,k2/k, το land T> 1,R > . 
There is total transmission. For E = V, Κχίκ, = 0 and T = 0, R = 1. There is total 
reflection and zero transmission. The T and R curves for the simple-step potential 
are sketched in Fig. 7.19. For all values of (k,/k,) we note that 


2 


(7.125) 


(7.127) T+R=1 


The validitiy of this relation for all one-dimensional barrier problems is proved in 
Problem 7.39. 

In the second configuration for the simple-step barrier, E < V (see Fig. 7.17a). 
Again the x domain is divided into two regions, as shown in Fig. 7.20. In region I the 
Schrédinger equation becomes 


(7.128) Qxx = --κιἦφ in region I 
where . 
2p 2 
(7.129) 5 E 
2m 
In region IJ the Schrédinger equation is 
(7.130) Qsx τΞ- κῖφ __ inregion IT 
where 
z + 3 
(7.131) Basra εἰς, 55 


2m 


ir 


" 
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= Ἴ 
Region I x=0 Region II FIGURE 7.20 Domains relevant 
| to the simple-step scattering prob- 

a Φῴῃ lem for the case E < Κ΄. 


The kinetic energy in this domain is negative (—h?x?/2m). In classical physics 
region II is a “forbidden” domain. In quantum mechanics, however, it is possible for 
particles to penetrate the barrier. 
Again calling the solution to (7.128) @, and the solution to (7.130) gy, we obtain 
φι = Ae™* + BeW i= 


(7.132) - 
φι = (ε΄ "" 


Continuity οἵ φ and φ, at x = 0 gives 


τς. δ ὦ 
a ae 
(7.133) 
BS eC 
1-—=i-— 
Ae ek A 
Solving for (C/A) and (B/A) one obtains 
Cet 2 
A 1+ ix/k, 
(7.134) 
Β 1 — ix/k, 
A 1 + κι, 


The coefficient B/A is of the form z*/z, where z is a complex number. It follows that 
|B/A| = 1, so 


(7.135) R= 


There is total reflection, hence the transmission must be zero. 

To obtain the latter result analytically from our equations above, we must 
calculate the transmitted current. The function φῃ is of the form of a complex amplitude 
times a real function of x (7.132). Such wavefunctions do not represent propagating 


ἽΝ᾽ 


yf 7.41 Show that the reflection coefficients for the two cases depicted in Fig. 7.21 are equal. 


"Ἢ is the density in region ΠῚ half the density of particles in the incident beam? 
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waves. They are sometimes called evanescent waves. That they carry*no current is 
most simply seen by constructing J,,a,, (7.106). 


h αὐ Sat ee ve 
(7.136) Irams = 5-5 1Cl (< “Ἐς re ) 


We conclude that T = 0. 


PROBLEMS 
7.39 Show that 
T+R=1 
for all one-dimensional barrier problems. 
Answer 
Since the scattering process is assumed to be steady-state, the continuity equation (7.101) becomes 
= “i = 
a, ΄ 
ἢ», 3:9 


Integrating this equation, one obtains 


oy 
[ (Ὶ dx ας σὰ Ξ- 0 
ao 


But 
Sane = Tine = Sher 
Sie = evans 


so that the equation above becomes 


δίων + Seen = dine =? 
Dividing through by Jj,. gives the desired result. 
7.40 Electrons in a beam of density p = 1015 electrons/m are accelerated through a potential of 
100 V. The resulting current then impinges on a potential step of height 50 Ν. 5 Mee 
(a) What are the incident. reflected, and transmitted currents? 
(Ὁ) Design an electrostatic configuration that gives a simple-step potential. 


7.42 For the scattering configuration depicted in Fig. 7.20, given that V = 2E, at what value of x 
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dine 


me τ 
ἜΜ 


FIGURE 7.21 Reflection coefficients for these two configurations are equal. (See Problem 7.41.) 


7.43 Equation (7.123) may be written in the matrix form 


-ι Ι eal yt 
1 k/k,J\C/A) ἃ 
Calling the 2 x 2 matrix Y, the left column vector γ΄, and the right column vector Y permits this 
equation to be more simply written 


GvV=4U 
This inhomogeneous matrix equation has the solution 
DM 


where & ὁ is the inverse of &. that is, 


par fl °) 
01 


(a) Find &~' and then construct ¥ using the technique above. Check your answer 
with (7.124). 
(b) Do the same for (7.133) and (7.134). 


7.7 THE RECTANGULAR BARRIER. TUNNELING 


The scattering configuration we now wish to examine is depicted in Fig. 7.17b. The 
energy of the particles in the beam is greater than the height of the potential barrier, 
E > V. For the case at hand there are three relevant domains (see Fig. 72D): 


Region I: x<-a, V=0. 
(7.137) Region II: —a<x< +a, Κὶ Ξ Ὁ, and constant. 


Region ΠῚ: a<x, V=0. 
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Region I 
v1 


Region ΠῚ 
ant) 


᾿ FIGURE 7.22 Domains rele- 
vant to the rectangular barrier 
scattering problem for the case 
E> Vv. 


The solutions to the time-independent Schrédinger equation in each of the three 


domains are: 


(7.138) 


Ξ 
" 


i 


Pu 


Om = Fe, 


(ak,)? — 


Aek* 4 Bes, 


Cel#* 4 Dent, 


(ak, = 


h?k,2 
"ΞΕ 
2m 
hk? 
—=E—4 
2m 
hek,? 
nk y =E 
2m 
2ma?V _ g? 
4 


The parameter g contains all the barrier (or well) characteristics. The latter equation 
(conservation of energy) reveals the simple manner in which ak, and ak, are related. 
In Cartesian ak ,. ak, space they lie on a hyperbola (Fig. 7.23). The permitted values of 
k, (and therefore E) comprise a positive unbounded continuum. For each such 
eigen-k,-value, there is a corresponding eigenstate (9, Yu. Pm) Which is determined 
in terms of the coefficients, (B/A, C/A, D/A, F/A). Knowledge of these coefficients gives 
the scattering parameters 
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(ak, — (αΚ}} = (8/2 


FIGURE 7.23 For rectangular- 
barrier scattering with E > V,ak, 
and ak, lie on a hyperbola. 


ak, > ak, = 0 
The energy spectrum h?k,?/2m 


comprises an unbounded con- 
tinuum. 


The coefficients are determined from the boundary conditions at x = aand x = —a, 
comes (δος (SJnaies (Pane 
sf Oe] I-04 
9:-.-0--ὃ- 
42.-1::-- 


These are four linear, algebraic, inhomogeneous equations for the four unknowns: 
(B/A), (C/A), (D/A), and (F/A). Solving the last two for (D/A) and (C/A) as functions 
of (F/A) and substituting into the first two permits one to solve for (B/A) and (F/A). 
These appear as = =a 


(7.139) 


i (ks? + ke? -1 
Ξ = etl co ΕἾΤ Ξ {ἘΞ} ὩΣ ek:0)| 


B\-—[F\-k,? —k;?—— 
2(3) = (5) ik, sin (2k,a) 


The transmission coefficient is most simply obtained from the second of these, 
together with the relation 


(7.140) 


F 


A 


2 
=1 


(7.141) T+R= 


2 Β 
+| 
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Cek* 
Aeikix + 
———— De7** Fetkix 


| 
Region | Region ΠῚ Region III 
% oa un 
(a) 
FIGURE 7.24 (a) Domains relevant 
to the rectangular barrier scattering 
problem, for the case E < Κ΄. (Ὁ) Real 
part of φ for the case above, showing 
the hyperbolic decay in the barrier 
.\,) ~ domain and decrease in amplitude of 
(b) ba the transmitted wave. 


There results 


2 i BE ND 
(7.142) = Η salts fr 5 sin? (2Κ5α) 


aN” kik, 


Rewriting k, and k, in terms of E and V as given by (7.138), one obtains 


1 fe Rye 
3 eS = gin? CR AYE -V 
(7.143) gaits eon Qk,a) E>V 1- 


The reflection coefficient is 1 — T. 
For the case E < V, as depicted in Fig. 7.24a, we find that the structure of the 
solutions (7.138) are still appropriate, with the simple modification 
Ξ μξκ2 
ik, > kK, 


(7.144) 
(ak,)? + (ax)? = = 
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(ak, )? + (ax)? = ὌΡΟΣ E=h2k,2/2m ΓΕ 


2a 


FIGURE 7.25 For rectangular barrier scattering with E < γ΄, ak, and ax lie on acircle ak, > 0,ax > 0. 
The energy spectrum (h?k ,?/2m) comprises a bounded continuum. 


This latter conservation of energy statement indicates that the variables ak, and ax 
lie on a circle of radius g/2 (Fig. 7.25). The permitted eigen-k ,-values now comprise a 
positive, bounded continuum, so that the eigenenergies 


also comprise a positive, bounded continuum. 

The algebra leading to (7.140) remains unaltered so that the transmission co- 
efficient for this case is obtained by making the substitution of (7.144) into (7.142). 
We also recall that sin (iz) = i sinh z. There results 


2 2\2 
(7.145) + syst C+) Sink? (2ka) 


which, with (7.144), gives 


[> shy epee Σ πὸ 


(7.146) T= 1+ 4EV— BH (2ka) 


Writing this equation in terms of T, 


E<V 


(7.147) T= ; 5 


wn 
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indicates that in the domain E < V, T < 1. The limit that E > V deserves special 
attention. With 


V Bieta, a 
$i τοι άϑῆνηωε Ὁ ome 
one obtains 
= A + O(¢— 
1497/4 


(7.148) 
2. 2m(2a)?V 
jar a 


h? 
The expression O(c) represents a sum of terms whose value goes to zero with c. We 
conclude that for scattering from a potential barrier, the transmission is less than 
unity at E = V (Fig. 7.26). 
Returning to the case Ε # V, (7.143) indicates that T = 1 when sin2 (2k,a) = 0, 
or equivalently when 


(7.149) 2ak, = nn (mn = 1, 2,...) 


Setting k, = 22/4, the latter statement is equivalent to 


a 
(7.150) a= 4) 
When the barrier width 2a is an integral number of half-wavelengths, n(A/2), the barrier 
becomes transparent to the incident beam: that is, T = 1. This is analogous to the case 


of total transmission of light through thin refracting layers. 


FIGURE 7.26 Transmission coefficient T versus 

£/¥ for scattering from a rectangular barrier with 

1.5 2m(2a)?V/h? = g? = 16. The additional lines are 
E)V=E in references to Problems 7.50 et seq. 


ae 


"νὴ 


"Ὁ 
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Written in terms of E and V, the requirement for perfect transmission, (7.149), 
becomes 


242 
(7.151) E-V= ΓΙ ἘΞ: ) Ξ η3Ε, 


where E, is the ground-state energy of a one-dimensional box of width 2a (see Eq. 
4.14). 

Equations (7.143) and (7.146) give the transmission coefficient T, as a function of 
E, V,-and the width of the well 2a. The former of these indicates that T -- 1 with in- 
creasing energy of the incident beam. The transmission is unity for the values of E 
given by (7.151). Equation (7.146) gives T for E < V. The transmission is zero for 
E = Oand is less than 1 for E = V. A sketch of T versus E/V = E for the case g? = 16 
is given in Fig. 7.26. 

The fact that T does not vanish for E < V is a purely quantum mechanical 


result. This phenomenon of particles passing through barriers higher than their own + 


incident energy is known as tunneling. It allows emission of x particles from a nucleus 
and field emission of electrons from a metal surface in the presence of a strong electric 
field. 


PROBLEMS 
7.44 In terms of the new variables, 
αι Ξε 


ἂς = = 
; 2k yk» 


Ε = B Γ 
τιν Teer, qa "Ἀπ" 


(7.140) may be rewritten in the simpler form ae 
al rr eriaks \ ve 
ic S/he es a ΕΚ ΩΣ .- 

cs Aaa cos β + iz, 'sin β 
\e\e J/Reit = ixn_./Te*r sin β 
Use these expressions to show: 
(a) T+R=1. 
(Ὁ) Φ; = bg — nn/2), n = 1)2,3,.... 


(c) tan (φ; — 2k,a) = x, tan B 
(d) What is , for the infinite potential step: V(x) = », x => 0: V(x) = θυχ <0? 


Answers (partial) 
(a) Solving for T + R from (7.140) gives - 
1+ a_? sin? B 
cos? B + a,* sin? B 
Substituting the definitions of x, gives the desired result. 


T+R= 


te | 


7% KINETIC PROPERTIES OF A WAVE PACKET 

SCATTERED FROM A POTENTIAL BARRIER 
The time-dependent one-dimensional scattering problem addresses itself primarily 
tothe problem of a wave packet incident on a potential barrier. It seeks the shape of 
the reflected-and. transmitted pulse. We will restrict our discussion to the kinematic 


properties of these pulses. 
To formulate this problem we first construct a wave packet whose center is at 
x= —X att = 0. In previous chapters we obtained such wave packets centered at 


x = Oat t = 0. They are of the form 


1 [“ b(kyeit=- © ak 


(7.157) ¥(x, ἡ = = 
J 2n J-0 
For this same packet to be centered at x = —X initially, one merely effects a trans- 


lation in x so that 
1 


b(k)el=* XQ — tot dk 


J 2π9-α 


pa he, [ ως μων dk 
/2nd-@ 


(7.158) Wx, ἡ 


For example, for a chopped pulse, L cm long, containing particles moving with 
momentum ἠκο. b(k) is given by (6.32): 
[2 sin(k — ko)L/2 
.2.59 y= [|-:-- --Ο- - 

(7.159) b(k) ἐπε Ἐπ 
See Fig. 7.31. The group velocity of this packet is v9 = hko/m. Let us call the wave 
packet (7.158), Wi... This packet is a superposition of plane-wave states of the form 
(7.112). Each such incident k-component plane wave is reflected and transmitted. 
The corresponding reflected and transmitted waves are constructed from the ampli- 
tude ratios B/A and F/A given by (7.140), which are functions of k (k, in Eq. 7.140). 
Reassembling all of these waves. one obtains 


x< =a Wine = =| b(keiX ets © dk 
ν 2nd-« 
(7.160) x<-—-a Weert = = [  Ἐ εἰφηρ()εκλο exon dk 
V2n J-@ 
a> es Wirans = = J JT elTh(k)elX ells dk 
22 J-@ 


Here we are using the notation of Probles ~ 
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FIGURE 7.31 Wave packet 
sat incident on a potential barrier. 
x 
x>L~2a. 
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To uncover the kinetic properties of these packets, we use the method of 

stationary phase. This relies on the fact that the major contribution in a Fourier 

ans integral is due to the k component with stationary phase. If we call this component 
ko, then the phase of the Fourier integral for y,.,,; vanishes when 


ὃ 
(7.161) ak (op + kX — kx — wt) =0 
This gives the trajectory of the reflected packet, 
vith hk a, 
(7.162) χε- mee x<-a 
ko 


In like manner, for the incident and transmitted packets, one obtains 


moles (7.163) x=—21—- X, x πᾷ 
orm m 

ted. 

pli- (7.164) em Moe — χα) π΄ ὁ 
40). m Ck 7 


The latter three equations illustrate the effect of a potential barrier on the trajectory 
of an incident wave packet. Were there no barrier, the packet would move freely in 
accordance with (7.163). However, there is a delay for both the transmitted and re- 
flected packets. The transmitted pulse arrives at any plane x > a, (667/@kp)vo ἢ 
Seconds after the free pulse. The reflected pulse arrives at any plane x < —a, 
(6 z/dko)vo~ ' seconds after the free pulse would be reflected from an impenetrable 
wall at the x = 0 plane.! 


"The time development of a wave packet scattering from a potential barrier is graphically depicted in Ὁ. A. Saxon, 
Elementary Quantum Mechanics, Holden-Day, San Francisco, 1968. 
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CHAPTER 9 
ANGULAR MOMENTUM 


9.1 Basic Properties - 

9.2 Eigenvalues of the Angular Momentum Operators 

9.3 Eigenfunctions of the Orbital Angular Momentum 
Operators L? and £, 

9.4 Addition of Angular Momentum 

9.5 Total Angular Momentum for Two or More Electrons 


Our study of the applications of quantum mechanics to three-dimensional problems 
begins with a description of the properties of angular momentum. We first consider 
orbital angular momentum, which is closely akin to angular momentum encountered in 
classical physics. Angular momentum in quantum.mechanics, however, is a more general 
concept than its classical counterpart. In quantum mechanics, in addition to orbital 
angular momentum, one also encounters spin angular momentum. Spin angular momentum 
is an intrinsic, or internal, property of elementary particles such as electrons and photons, 
and has no classical counterpart. The operators corresponding to the Cartesian com- 
ponents of angular momentum in quantum mechanics obey a set of fixed, fundamental 
commutator relations. These relations are first derived for orbital angular momentum 
and then employed as the defining relations for angular momentum in general. Eigen- 
values of angular momentum stemming from these commutator relations are obtained, 
and it is at this point that a distinction between orbital and spin angular momentum first 
emerges. ἜΣ “ 


9.1 BASIC PROPERTIES 


The significance of angular momentum in classical physics is that it is one of the 
fundamental constants of motion (together with linear momentum and energy) 
of an isolated system. As we will find, the counterpart of this statement also holds 
for isolated quantum mechanical systems. This conservation principle for angular 
momentum stems from the isotropy of space. That is, as described previously in 
Section 6.3, the physical laws relating to an isolated system are in no way dependent 
on the orientation of that system with respect to some fixed set of axes in space. 

Classically, angular momentum of a particle is a property that depends on the 
particle’s linear momentum p and its displacement r from some prescribed origin. It is 
given by (see Fig. 1.9) Ξ' 


(9.1) L=rxp 
One may also speak of the angular momentum of a system of particles, or of 


a rigid body. For such extended aggregates, one must add the angular momentum of 
all particles in the system to obtain the total angular momentum of the system. 


Cartesian Components 


The classical Cartesian components of the orbital angular momentum L for a particle 
with momentum p = (p,, Py, Pz) at the displacement r = (x, y, z) are 


L, = yp: — 2Py 
(9.2) L, = zpx — XP: 
L, = XPy — YPx 


The quantum mechanical operators ἄτι ΡΨ and L,, corresponding to these 
observables, derive their definitions directly from the classical expressions above, 
with p replaced by its corresponding gradient operator. There follows 


δι = SP. τ 26, = ~iW(y 2-23) 


2 ὃ ὃ 
(9.3) L, = 2p, — 3: = -αἹ ap * 2) 
ἑ ὃ ὃ 
ἘΞ = Xp, -- SPs = ~in(x 3 - vz 
In terms of the three-dimensional vector linear momentum operator 
Ξ at πες τ 2(9 @ @ 4 
@4) - B= (Bx, by» B= ~in( & = 2) = τιν 
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the equations above may be written as the single vector equation 


(9.5) L= —-ihrx V 


Commutator Relations 


Let us examine the commutation properties of these operators. If, for example, 


- Γι, does not commute with ἘΞ then these components of angular momentum cannot 


be simultaneously specified in a single state, that is, these operators do not have 
common eigenfunctions. 
To examine this specific question, we employ the basic commutator relation 


(9.6) [%, B,J = τῇ 
There follows 
(9.7) (f.. BA = bE 


= (9b. — 2f,) (2b. — &P.) — CPx — 3.) , — 2) ὦ 
= 3Ρ.(. — P.2) — 9P.2b. — P.2) 


i<>) 


= ih(&p, — Sp.) 
= ihL, 


In similar fashion we obtain 


Y 
(9.8) Se 


These commutator relations are sometimes combined in the single vector equation 


(9.9) #L=Lx L 
which in determinantal form appears as 
Ἐς. -, εἰ 
(9.10) ihe, L£, + e,L, +e,f,).= |£, 0, £, 
i, aks 


As illustrated in Problem 9.1, only one of the three Cartesian components of 
angular momentum may be specified in a quantum mechanical state. Suppose, 
for example, that ¢ is an eigenstate of £,. What will measurement of L, find? To 
answer this question we must bring the superposition principle into play. Expand @ 
in the eigenstates of L,. The squares of the coefficients of expansion give the distri- 
bution of probabilities of finding different values of L,. 
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Although no two values of the Cartesian components of angular momentum 
can be simultaneously specified in a quantum mechanical state, if one component, 
say the value of L., is specified, it is still possible to specify an additional property 
of angular momentum in that state. This additional property is the value of the 
square of the total angular momentum, 1.2, or, equivalently, the magnitude of L 


αϑξῖξεξ 


The total angular momentum operator is the vector operator 
(9.11) L=e,f,+e,L,+e.L. 
from which we may form L?. 
(9.12) P=f24+£7+L7 


To show that there are states of a system in which L, and L? are simultaneously 
specified, one need merely show that £, and £? commute. Then we know that these 
operators have simultaneous eigenfunctions. That is, there are states that are eigen- 


functions of both £, and £2. Let us prove the commutability of EL, and 12. 
[ἘΞ =t.,£ 4+ £7 +071 
= [L,, L271 + [L.,L,"1+0 
= L{L,, Ly] + (Lz, ΤΊ + Ly[L., Ly] + LLz, byl, 
Se brat 
=0 


In similar manner we find that £, and £, also commute with £?. This must be 
the case because we have in no way given any special significance to the z direction. 
In general 


(£,, ΞΡ 71 =[£.,71=0 


(9.13) tf. £2] -0 


It follows that the Cartesian components of L have simultaneous eigenfunctions 
with £2. However, the individual components of L do not have common eigenstates 
with one another (except for the special case of zero angular momentum). These 
properties are depicted in a Venn diagram in Fig. 9.1. 

The preceding discussion tells us that 12 and £., say, have common eigen- 
functions. Let us call these eigenfunctions ),,. The integral indices | and m are 
related to the eigenvalues of 12 and £, as in the following eigenfunction equations. 
132φ,.. =F + 1)Gm, ([-:.,1,2,...Ὁ 


(9.14) 5 == 
L£, G1 = 1M im (m = —1,..., +/ in integral steps) 


| 


in 


Croke et hs WSS oven ὼς aa Tost Sutrait a Soma κου, διδεῖ, (7 
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FIGURE 9.1 Venn diagram for the eigen- 
states of L,, L,, L., and L?. Every point 
represents an eigenfunction of 13. Depend- 
Eigenstate ing on which sector the point is in, it is also 
ἃ of L, anti? an eigenfunction of Z,, L,, or L,. The state 
τ ϑ at the center is the null eigenvector οἵ L 
and 732. It corresponds to the eigenvalues 
L, = L, = L, = 0. Peripheral points de- 
a pict states that are eigenstates of L* only. 
of 1: but not Can you think of one such function? Note 
of L,, L, orL, that the space of eigenstates of L? is 
“bigger” than the space containing all the 
eigenstates of 2... is and L,. Compare 
with Fig. 5.12. 


| Eigenstate 


(These equations are derived in the next section.) The form of the first equation 
indicates the following. Suppose that a system (e.g., a wheel) is rotating somewhere 
in space, far removed from other objects. We measure the magnitude of its angular 
momentum. What possible values can be found? The values that experiment finds 
are only of the form L = h,/I( + 1), where 1 is some integer. For example, one 
would never measure the value L = n/7, since it is not of the form 1.2 = f7/(I + 1). 
There is no integer for which (J + 1) = 7. This is similar to the fact that a particle 
in a one-dimensional box is never found to have the energy E = TE,. This value 
does not fit the energy eigenvalue recipe E = n7E,. 

Suppose that we measure the magnitude of angular momentum of the wheel 
and find the value L? = 30h?. This corresponds to the / value! = 5. Having measured 
L?, the system is left in an eigenstate of 132. What value does subsequent measurement 
of L, yield? The answer is given by the form of the eigenvalues of £, given in (9.14). 
For the case in point, since | = 5, L, can only be found to have one of the eleven 
values 


L, = 5h, 4h, 3h, 2h, h, 0, —h, —2h, —3h, —4h, —Sh 


Suppose that measurement finds L, = 3h. Then the wheel is left in the state gs 3. 

The form of equations (9.14) indicates that the eigenvalues of 12 are ΟἹ + 1)- 
fold degenerate. For the problem considered, all the eleven states 9s, 53Ps,43---39s,-s 
correspond to the same value of L? (i.e., L? = 302). (See Fig. 9.2.) 


Uncertainty Relations 


Angular momentum is a vector. The magnitude of this vector is given by 1,2. Having 
measured 1,2, is it possible to measure any of the three Cartesian components of L 


" 


Ἰὼ 
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L? = 30h? 
2a 9 
L*=n7 10 + 1) Ξ 
15. 5 
—2h : , 
-3ῃ FIGURE 9.2 The eigenvalue L? = f° ΚΙ ἘΝ 1) is 
4n 2] + 1)-fold degenerate. For a fixed magnitude, 


L=h,/I(! + 1), there are only 2/ + 1 possible 
Sh projections of L onte a given axis. (See Fig. 9.3c.) 


and leave the system (such as a wheel, a particle, an atom, a rigid rod, etc.) with the 
same value of L? that it had before measurement? Specifically, suppose that we 
measure L? and L, and find the values 56? and 3h, respectively (J = 7, m = 3). 
We know that the system is left in a simultaneous eigenstate of L* and L., namely, 
7,3- 

It is impossible to further resolve the state of the system. We cannot obtain 
more information on the vector L without destroying part of the information already 
known. Suppose that L, is measured and the value 5h is found. In measuring L,, 
the information about L, previously determined is destroyed.! The system is left 
in a simultaneous eigenstate of £? and L,. Since this is not an eigenstate of L,, 
subsequent measurement of L. is not certain to yield any specific value. Similarly 
for measurement of L,. This conclusion is contained in the uncertainty relation 


h ἘΞ, ee 
(9.15) AL, AL, > 51h! Sages 2 


Consider the case of a wheel whose center is fixed in space. L? and L, are 
measured. What motion of the wheel will preserve these values but not preserve 
L, and L,? A very worthwhile model for such motion is given by a classical solution 
in which the angular momentum vector of constant magnitude precesses about the 
2 axis at a constant inclination to that axis (see Fig. 9.3), thereby maintaining L,. 
(Such motion is realized by a spinning top, with fixed vertex, in a gravity field.) 

In the classical problem L is precisely determined as a function of time. At any 
instant L may be observed and completely specified. Not so for the quantum 


mechanical motion. If the wheel is in an eigenstate of £? and L., it is ina superposition 
a 


Ὁ That is, the outcome of subsequent measurement of L, is rendered more uncertain 


direction of 
precession 
: z 
the rotation 
successive directions 
1 of the angular 
fixed center momentum vector L 
(a) (b) 
2 direction 


(cy 


FIGURE 9.3 (a) The angular momentum vector L of a rotating wheel whose center is fixed in Space, 
(8) Classical precession of L about the z axis with the constant projection L..(c) For / = 2, L* = 6h”. The only 
Possible orientations of L onto the = axis are the five values shown. The precessional motion depicted preserves 
15 and L..@ = cos? 2/6 is the smallest possible angle between L and the z axis. 
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FIGURE 9.4 For the quantum mechanical state in 
which L? and 1. are specified, L may be pictured as 
being uniformly distributed over the surface of a cone 


with half-apex-angle @ = cos‘ m/,/i(/ + 1). 


state (i.e., a linear combination of the eigenstates) of LE, or ἘΞ At best one can only 
speak of the probability of finding a certain value of L, or L,. If a system is in such 
a state with definite / and m values, it is therefore more consistent to view the related 
configuration as one in which the L vector is uniformly spread over a cone about the 
z axis with half apex angle θ = cos ἡ m/,/I(I + 1) (see Fig. 9.4). 

For a given value of L [1.6., #,/I(/ + 1)] the maximum value of L, is hl. But 
1 < ./I(I + 1). It follows that the angular momentum vector is never aligned with 
a given axis. Furthermore, there are only a discrete, finite (2/ + 1) number of in- 
clinations that L makes with any given axis. This extraordinary property (classical 
physics permits a continuum of inclinations) is sometimes called the quantization 
of space. For reasons that will become clear in the following sections, | is often 
referred to as the orbital quantum number while m is often referred to as the azimuthal 
or magnetic quantum number. 


Orbital Versus Spin Angular Momentum 


The commutator relations (9.8) are the trademark of angular momentum in quantum 
mechanics. Although they are consistent with the differential and coordinate- 
momentum operator relations (9.3 et seq.), they may be taken independent of these 
and assumed to be the defining relations for quantum mechanical angular momentum. 
When such is the case, angular momentum need not refer to the space coordinates 
or linear momentum components of a particle, since the relations (9.8) by them- 
selves do not. The first example that incorporates this concept is given in Section 9.2, 


nn 


Ww 


BASIC PROPERTIES 317 


where the eigenvalues of angular momentum are obtained using only the commutator 
relations (9.8). As will be shown in Section 9.3, only a subset of these eigenvalues 
are relevant to orbital angular momentum. Orbital angular momentum derives 
from the space and momentum coordinates of a particle and is akin to classical 
(r x p) angular momentum. In contrast, spin angular momentum does not relate to a 
particle’s coordinates or momenta, nor are the eigenstates of spin dependent on 
boundary conditions imposed in coordinate space. Spin, as mentioned previously, 
is an internal property of ἃ particle, like mass or charge. It is an extra degree of freedom 
attached to a quantum mechanical particle, and must be prescribed together with 
the values of all other compatible properties of a particle in order to designate the 
state of the particle. The properties of spin are developed in detail in Chapter 11. 


PROBLEMS 


9.1 Show that ifa state exists which is a simultaneous eigenstate of L, and L,, this state has the 
eigenvalues L, = L, = L, = 0. 


Answer 


Let ¢ be the said state. Then 
0 = [£,, ΣΦ = ihL.o 


It follows that φ is an eigenstate of L, corresponding to the eigenvalue L, = 0. (φ is a “null eigen- 
function” of £,.) From the uncertainty principle, (5.94) and (5.95), and the fact that φ is an eigen- 
state of L, and L, we find that 


h 
0=AL, AL. = 5\<L,>| 


Since ᾧ is an eigenstate of Σ Bee there is no spread in the values obtained on measurement of L, 
in this state. This fact, combined with the preceding equation, gives 


KL) =L,=0 
Similarly, L, = 0. 

It follows that a state of a system corresponding to finite angular momentum cannot be a 
simultaneous eigenstate of any two of the Cartesian components of L. Furthermore, from the 
defining equations for ἘΞ ΤᾺ and L, (9.3), it follows that any constant is ἃ simultaneous, null 
eigenfunction of tS ΓΕ and L.. 

9.2 Show that L, and £? are Hermitian. 


Answer (partial) 
To prove the Hermiticity of £,, we must show that 


£,=L, 
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or, equivalently, that 

($6. — 2p,)' = (SP. — 26.) 
Look at the fp, term. 

Θ.)" = B.'9" = £9 = SP. 
The last two equalities follow from (a) b, and f are Hermitian, and (b) [f, f.] = 0. 
9.3 Measurements are made of the angle @ that L makes with the x axis of a collection of non- 
interacting rotators, all of which are known to have angular momentum L = ἢς 56. What is 
the minimum 6 that will be measured? Sa | Ts 
9.4 If[A, £7] -- ΓΑ, £7] = 0, what is [4, £7]? 


9.2 EIGENVALUES OF THE ANGULAR MOMENTUM OPERATORS 


In this section we derive the eigenvalues of angular momentum that follow from the 
commutator relations (9.8). Eigenvalues relevant to two classes of angular momentum 
emerge: orbital and spin. In the remainder of the text J will be used to denote angular 
momentum in general while L will be reserved for orbital angular momentum and § 
for spin. The operator 3 may represent L, or 8. or the combination ἔ, + §. The 
defining relations for the components of J are: 


(Jz, Jy] = itd, 


(9.16) U,, J] = ind, 
LJ Jains, 
(9.17) PaaS 2+ 576 I? 


The components of J obey ali rules obtained above from the commutator relations 
(9.8). These include: 


(9.18) ἤ 
AJ, AJ, > = 161,91 


Ladder Operators 
" 


We seek the eigenvalues of J? and J,. To facilitate the derivation we introduce the 
“ladder operators” J, and J_. The reader will find these similar to the annihilation 
and creation operators (4, αἴ) introduced in Section 7.2. The ladder operators are 
Gefined according to 


(9.19) 


ν᾽ 


"- 
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Some immediate properties of these operators are 


2: 2.3 = hd, 
I= 
(9.20) 
[J?,J.]=0 
[J?,J_]=0 


The latter two equations follow from (9.8). To establish the first two relations one 
merely inserts the definitions of J, and J_. For example, 


(9.21) [7,..,1 -- [7,..1,. 1 =U.5)+ 3,5) 
= th), τ 1-Π.. -- ῦ. +i) =n, 


Other relations that J, and J_ satisfy are 


(9.22) = J, JIS? ahd; 


Consider the relation 
(9.23) εα.- δρῶ, +i) +52 +4, 
=J24+ JSP +52 +i0,J, — 5,5.) + hd, 
With these relations between J?, J_, J, , and J_ established we turn to consiruciion 
of the eigenvalues of £. and £?. 


(9.24) 17,φ,, = hinGy 


We wish to show that m is either an integer or an odd multiple of one-half. 
Consider the operation 
(9.25) 2.9. on = (Ad, + JI Dm = hs +d ime, 


where we have employed (9.21). The latter equation (9.25) implies that J. o,, is an 


(an zed) eigenfunction of J, corresponding to the eigenvalue A(m + i. 
That is, 
(9.26) I Gn = Ὁ, εἰ 


Applying J, again gives 
(9.27) J2G= Pm) =I 4 Omer = Qm+2 
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In a similar manner, we obtain 
(9.28) 7. φ, = Pm=1» — I—-Pm=1 = Pm—2 

Thus we have found a scheme of generating a sequence of (unnormalized) 
eigenfunctions of J, from a single eigenfunction 9,,, with successive values of m in 
the sequence differing by unity. 
(9.29) (+s Om—2> Pm—12 Pm> Pm+is Pm+2> +++) 


Since J? commutes with J., these operators have common eigenfunctions. 
Let φ,, be a common eigenfunction with the eigenvalue h? K?, that is, 


(9.30) J? Om = WK? Qm 
Operating on this equation with J, gives [using the third equation in (9.20)] 
(9.31) J, Pom = 1? K?(F.. On) = F(T. Om) 


The last equality asserts that J, φ, = Qm+1 is also an eigenfunction of J? cor- 
responding to the eigenvalue ἡ Κ΄. It follows that the sequence of eigenfunctions 
of J, found previously (9.29) are all eigenfunctions of J? corresponding to the same 
eigenvalue h?K?. How many such eigenfunctions are there? From (9.30) one obtains 


τς (PR U4 Ot) 
h?K? = (J,?) + (Jj?) + Wm? 

where the average has been taken in the φ, state. It follows that 
(9.33) h?K? > h?m? 

(recall <J,7> > 0; see Problem 4.13) or, equivalently, 

(9.34) |K| > |m| 


For a given value of K > 0, the possible values of m in the sequence (9.29) fall between 
+K and —K. If m,,,,is the maximum value that m can assume for a given magnitude 
of angular momentum, /K, then 


(9.35) J Oma = 9 
Similarly, 
(9.36) J_ 95, =0 


From (9.22) and the last two equations, one obtains 

φ, ΞΡ Κορ, = Fe? Primax + 25: Prima 
87K? = WP ittgax(Mmax + 1) 

J Ones. = h?K? @m an, = J, 
ἢ ΚΡ = FP mgin(Mmin — 1) 


(9.37) 


ae a ae heen ee So ὡς 
ες Ga νον wa Ὁ ἀετὸς ἘΞ a3-= as τὰ, 
oe οεπτ τὰς τ 

=e See ε Ἐξ δ. 9a9) 
Witt RIO aR SB ον ides εἴς ἐν δὶ ge τοῦδε! ene ΓΕ ad 
es Lok 2 bene ay oh Ge (οὐχὶ κα. roahion 
© τ KO Od sd eed ct aca de tasasdy. 
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™max SSE +K 


Wig 
successive values 
oe π΄ --“--- of m differ 
by unity 
Min + 1 
Moin SSS SE 
i a 
I, Lmm, = RMP py “2φ,, = 17K? Dp, 


FIGURE 9.5 The possible values that m may assume, for a given value of J? = h?K?, form a symmetric 
sequence about m = 0. 


It follows that 

(9.38) Mmax(Mmax + 1) = Myin(™min — 1) 
which is satisfied if 

(9.39) Mrax = —Mmnin 


The possible values that m may assume for a given value of J? form a symmetric 
sequence about m = 0 (see Fig. 9.5). 
Let us call 


(9.40) Max = j 
Since m runs from —j to +j in unit steps, one obtains 


j = an integer if m = 0 is included in the 
sequence of m values 


(9.41) 


j =4 x an odd integer if m = 0 is not included in the 
sequence of m values 


Furthermore, ifj is an integer, the related m values are integers. If j is an odd multiple 
of one-half, the related m values are odd multiples of one-half (Fig. 9.6). 

In either case, inserting j = tnax = —Mmin into (9.37) gives the form of the 
eigenvalues of J?. 


(9.42) J? =i? K? = h?j(j + 1) 
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m=2 

m= 3/2 
m=1 

m= 1/2 

f= 2 m=0 j= 3/2 

m=-1/2 
m=-l 

m=—3/2 
m=—2 


FIGURE 9.6 The angular momentum quantum number j, which enters in the eigenvalue expression J? = 
i?j(j + 1), may be either integral or an odd multiple of one-half. In either case, for a given value of j, the 
azimuthal quantum number, m, runs from —j to + in unit steps. 


Angular Momentum Eigenstates 
In this manner we find that the eigenvalues of J? and J, take the form 
J? =hi(j+ Ὁ 


(9.43) - Σ 
., Ξε ἤπι; (πι; τε -j,..., +i) 


with j an integer or half an odd integer. The structure of these eigenvalue equations 
is very significant and is another trademark of quantum mechanical angular mo- 
mentum. In that they stem directly from the commutation relations (9.16), which in 
turn are obeyed by all quantum mechanical angular momenta, it follows that such 
eigenvalue relations are also appropriate to orbital angular momentum, L; spin 
angular momentum, 5; or their sum, L + 5. Such, for example, are the eigenvalues 
of £7, £, as given in (9.14). 

As will be shown in the following section, boundary conditions imposed on the 
common eigenstates of £?, L, infer that the related eigenvalues (I, m,) be integral. 
Thus, of the entire spectrum of quantum angular momentum j values, only a subset 
(| = j = integer) correspond to orbital angular momentum. The complete j spectrum 
(integral and half-odd-integral values) will be found to correspond to either spin 
angular momentum or the combination of spin plus orbital angular momentum. 
An example of the latter case is given by atomic electrons which have both orbital 
and spin angular momentum and for which one must write J = L + S. For the present 
we will concentrate on orbital angular momentum. 

The eigenvalue equations for the orbital angular momentum operators [? 
and L, (with m written for m)), together with the equations for £, , appear as 


£2 Gim = FUL + 1)0%m 

L. 01m = hMGim — (m= —1,..., +) 
Lim = Oimei (£, =f, + iL,) 
L_ Om = Pim-1 (iz = Ey a iL,) 


(9.44) 


w 
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Since m = | is the maximum value of m and m = —1 is the minimum value of m, 
E =0 
(9.45) +Pu 
L_@,-1=0 


These equations will be used in the next section for the derivation of the 9,,, eigen- 
functions. 


The Rigid Rotator 


As an application of the preceding results relevant to the eigenvalues of L? and L,, 
let us consider the problem of the energy spectrum of a rigid rotator. The rotator 
has two particles each of mass M separated by a weightless rigid rod of length 2a. 
The midpoint of the rotator is ; fixed in space (Fig. 9.7). The moment of inertia of the 
rotator, taken about this point, is 


I = 2Ma* 


Let the rotator be far removed from any force fields so that its energy is purely 
kinetic. 


E> dove thw way = Lm τ' Bt, 
(9.46) tee roar’, Lis whet 2 
ἐ 21 Ξ 2 
The quantum mechanical Hamiltonian operator is =— 
1: 
4 Ἐ:ΞΞ:-Ξ. 
(9.47) 21 
and the time-independent Schrédinger equation for this system appears as 
age 
(9.48) Q= Ge = Eg 


midpoint fixed in FIGURE 9.7 Rigid rotator with fixed midpoint. Moment of inertia about mid- 
space point is 7 = 2Ma’. 
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The eigenvalues of A are the same as those of the square angular momentum operator 
£2. With the results obtained we may rewrite the equation above with the /, m indices. 


i? 
(Fem = Εἰφιμι 


(9.49) = #1 + 1) 
SaaS: 


This energy is (2/ + 1)-fold degenerate. For any value of ἰ, there are (2! + 1) eigen- 
functions 


(9.50) Pris<-+> O1,-1 = {Pim} 


Term 
notation 


All these 

eigenvalues of 
122/27 L, correspond 

to the same 
eigenenergy, 12#?/27 


6h? /21 


2H? /27 


FIGURE 9.8 Term diagram for the rigid rotator of moment of inertia, /. The ith eigenenergy, f7/(/ + 1)/21, 
is (2/ + 1)-fold degenerate. 


eee AS Conch οὶ, Ξ = = 15 detent on L ae AM 


: er  - 6 τὰς Ἐν ke Sara 38 Canton 
aS Agha as εν Cuts ὦ ΕΘΝ Gove k 
4 ἔς — = ss SS ee 


o> ες ot Sh Sch ae ove Pssst bbe ) 


Shae) 


Combs Ξ = Leeks ets heepen. toni καὶ =e eras Ζ 
Ξ τ eee ὃ τω 7 ao ΞΕ ΠῚ: ἴδ τὰ 


Ww 
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all corresponding to the same eigenenergy, (9.49). The energy of the rotator does not 
depend on the projection of L into the z axis or onto any other prescribed direction. 
The energy-level diagram for this system is sketched in Fig. 9.8, together with the 
“term notation” of levels. This notation is common to atomic spectroscopy and will 
be used in the next three chapters. When a particle is in a state of definite orbital 
angular momentum, characterized by the quantum number / = 0,1, 2,..., one speaks 
of the particle being respectively in an S, P, D, F, ... state. 


PROBLEMS 


9.5 Show that the frequencies of photons due to energy decays between successive levels of a 
rotator with moment of inertia J are given by 


ho = (a +1) 


9.6 AnHCl molecule may rotate as well as vibrate. Discuss the difference in emission frequencies 
associated with these two modes of excitation. Assume that only | / + 1 transitions between 
rotational states are allowed. Spring constant and moment of inertia may be inferred from the 
equivalent temperature values for HCI: ἤώρ κα = 4150 K; h?/2Ikg = 15.2 K. 


9.7 Show that 


(a) [£,,%]=0 ΘΟ ..£1=0 

Ὁ) [Ζ,.}] = int (g) [.. £,] = inp. 
(Ὁ [L,,2] = ink (h) ΓΡ,, £.] = ihp, 
(ὦ [L., £] = ing ὦ  [6., £1 = inp, 


©® ,4=0,£ ὦ (£,, 6.1 = [,.£ 
9.8 Calculate 

(a) L,kr 

(Ὁ) £, sin kr 

(©) L.f(kr) 
explicitly in Cartesian coordinates, withr? = x? + y? + z*. Thefunction f isan arbitrary function 
of r, and k is a constant wavenumber. : 


9.9 (a) Prove that 
O=Lxi- int =m? -—FxL 


(b) Show that this operator is Hermitian. 
(c) Show that 


9.10 Show that 
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9.11 Evaluate 
(a) (£7, 6) © (£67) 
Ὁ) (Lp) (ὦ [Π.1 κ 
Note that parts (Ὁ) and (4) have nine components. They are called dyadic operators. 


9.12 Show that 


9.13 Show that the expression 
(Ὁ) = WIG + ἢ) 
is implied directly by the two assumptions: 
(a) The only possible values that the components of angular momentum can have on 
any axis are h(—j,..., +). 
(b) All these components are equally probable. 


Answer 
Because all axes are equivalent, 

WP) = WP + Jy? + JZ) = 2) + Gy?) + JP) = 3.0) 
Since all values of J,? are equally probable, 


== 2h? Vie m? 
J2> = h 2y = pp ΣἈ-- πιὸ pm _ 2h Viner πὴ m= 
SIDED 21:1 2] Ἐ1 
Substituting the relation 


Σου 


"τ 6 
into the above gives 
WIG+ VD _ 1 
Fa ext ee 2 
Je) eee «: 
> Ξ εἰ. 1) 


9.3 ΕἸΘΕΝΕΌΝΟΤΙΟΝΒ OF THE ORBITAL ANGULAR MOMENTUM 
OPERATORS [? AND ἢ. 


Spherical Harmonics 
There are two techniques for obtaining the common eigenfunctions ¢,,, of the orbital 
angular momentum operators ΓΞ and £,. First, one may directly solve the eigenvalue 
equations 

£7 Q1m = HL + 1) Pim 


65 ΡῈ Pim = HMO im 
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2nd Second, one may seek solution to the equation 


w 


jo 


με 


(9.52) Ee Gu =0 

Once having found φῃ, the remaining eigenfunctions of £? and £,, corresponding 
to the orbital quantum number /, 

(9.53) {Pim} = (Pus Prr—15 +++» Pi, τα) 

are obtained by applying L_ to φιῃ. That is, 

(9.54) Pii-1 = ἿΣ Pu 

Pii1-2 >= Σ. φι,τ-α 


In either technique for obtaining the eigenfunctions ¢,,,, it proves both con- 
venient and practical to work in spherical coordinates (r, 0, Φ) (see Fig. 1.6). These 
coordinates are related to the Cartesian coordinates (x, y, z) through the trans- 
formation equations 

x =rsin @cos d 
(9.55) y=rsin@sing 

z=rcos@ 
With these equations, the Cartesian components of L, (9.3), are transformed to 
(see Problem 9.14) 


£,= in( sin φ 4 + cot Ocos Φ 4) 


(9.56) f= in(—cos on + cot Osin d x) 
δὲ Ὁ 
L,.= hss 


Using expressions (9.56) we obtain first the ladder operators 


£,=£,+i£, = ned(i cot + al 


(9.57) 36 ἡ 80 
t.=1,-il,= he (i cot 05 - 4 


and second, the operator £? 


id ὃ t= 
Ἶ 2-- —h? = |sin 0 Ξ 
_ : [- 9 88 (sn 8) * nO 5 
We are now prepared to seek solutions to (9.51). This is the first_technique, as 
mentioned above, for finding the eigenstates ¢,,,. These solutions are quite common 


& 


no 


Ww 


τ 7 


Ww 
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to many branches of physics. They are called spherical harmonics and are universally 
denoted by the symbol ¥;”. Following this protocol we change notation: ¢,,, > ¥;". 


Angular Momentum and Rotation 


Before discussing these sclutions we note two points. First, all the angular momentum 
Operators, when expressed in spherical coordinates as listed above, are independent 
ofr. They are functions only of the angular variables (@, @). This means that the eigen- 
functions of £? and Σ΄. may be chosen independent of r, that is, ¥" = ¥;"(0, ¢). 
This property stems from the fact that angular momertum operators are related to 
rotation. For instance, the operator 


Ξ L 
(9.59) Rig = 14+ ido > 


(described previously in Section 6.3) when acting on f(r) rotates r through the azi- 
muthal displacement δῷ, so that 
R =fr+s 
(8.60) so f(r) fi ity r) 
or=do xr 


So the effect of the operation d@- £ on a function r is to cause 2 rotational dispiace- 


» tent of r. If δῷ is parallel to the z axis, 66-L = 66L.. This operator induces a 


roiation of r about the z axis, without changing the magnitude οἵ τ. If we write f(r) = 
i {r, @, @), then L, when operating on J affects only the variable ¢. When L? operates 
on this function, θ᾽ and are both affected, but not r. So here we have the reason 
that the eigenstates of £? and ἦι, may be chosen independent of r. 


Normatizatien 


The second point we wish to note relates to the normalization of the Y,” functions. 
This normalization is taken ever the surface of a unit sphere. The differential element 
of area dS, on the surface of a sphere of radius a, is conveniently expressed in terms 
of the element of solid angle dQ. 


(9.61) dS = a? 4Ω =a’ sin 9 4θ ἀφ 


(see Fig. 9.9). The solid angle subtended by dS about the origin is dS/a? = dQ. The 
solid angle subtended by a sphere (more generally any closed surface) about the 
origin is 


π 


2π 2π 1 
(9.62) dQ= [ ἀφ} sin@d6 = [ ἀφ) dcos @ = 4zsteradians 
ο 9 


all directions “0 at 


which is the same as the area of a unit sphere (a sphere. of unit radius). 


1 Ninf τς (Conmlsbion): hoa 1 ἴῶσθα dt 
ς9--5 C= over a Civtle S= 7G , ds- dd, 
3 τοῦτ τις τ 1S, dosv doe ΜΕ 
Εις RB + Toil, _ Pralection ob direction Ὅς over Livection fh 


ey 


& 
i 5 = 
1: a - Projection ol χα SON ower Cornyn ἢ -- 


Ls es ance Ste 3x [ὍΝ et ee Ξ ΒΕ, 


& 
8 ΤΙ es ἘΞ τα AS Pla Cam wasn 6 UK er 


τς nognitude ox direction Wu oialgewkt Resctinss τὸ CarueSee a. 


3 ce 
ed ἔξω ὑεῖς Ὁ τα δι = 9) jap Parallel “A Plitonr dus ἔα. ὁ Ca nisiain 


δ κ 
pag 


Ξ ἘΞ “εχ origi, ὅς ae we Ge dei Wh Be ject τῷ 


Rae τ αἱ αλλ. Moen πολι Goma: σι ofter Foralldl digplacamsal?? 
ΞΞΞΞΞΞΞ τ 


λας Ais τ ταῦθα te ίχ τὸ τα. -- 2 AT Re 


i ὅπ 8 τὸ Prereyued ever aller We disptotonad — 


jo 
| 
᾿ 


ξε t= (8B) aloe, oy 5 RES τς 


CMs: W-3- 1992) 
Mews GMT ) 


Pexlksnes BS Weiinndeystiad Has Caves Pen ἀς, δύ τι eG a 


Relade (2-64) ὃ. “Vinee radegeaded = - ἢ το) Wests: ψου τὸ 
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adé 


JdQ = 47 steradians 
all directions 


(a) 


fdQ = 2x steradians 


(b) 


FIGURE 9.9 (a) Element of the solid angle di? = dS/a?. (Ὁ) Solid angle subtended by the hemisphere about 
the origin O is 2π. 


To normalize the eigenfunctions ¥,”, set 

(9.63) [ pry 42 -- τ 
wan 

which we see is the same as requiring that | "|? integrate to unity over the surface 
of a unit sphere. 

We are now prepared to discuss the solutions to (9.51). The eigenfunction 
equation for L, gives : 

Ξ es an 

(9.64) = i" = iny, 


= 


δῴ 
This equation determines only the ¢ dependence of ¥;". If we set 


(9.65) ¥70, 0) = Φ,(φ)Θ "(0) 


Ww 
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the equation above gives 


1 
9.66 Φ, (φ) -- ---- εἰσ 
(9.66) φ Jin 
which satisfies the normalization 
2π 
(9.67) do|®,,|? = 1 
oO 


The index m can be determined from the single valuedness* of the wavefunction Φ. 
That is 


O(g) = Φ(φ + 27) 
(9.68) GaSe 
eim2e — 1 
which is only satisfied for integral values of m: 
(9.69) m= 0,4, 2;=.. 


As demonstrated in Section 9.2 the values of m run from —/ to +1, whence | is also 
an integer. Thus we obtain the result stated previously that the /, m orbital angular 
momentum quantum numbers are integers only. We also see how this property 
follows directly from boundary conditions imposed on the wavefunctions Y,”. 
Spin, being an intrinsic property of a particle, is not so constrained, and the related 
quantum s numbers may assume half-odd-integral as well as integral values. 


Legendre Polynomials 


We have found that the eigenfunction ¥;" has the structure 


; i= 
(9.70) γῆ = —=e'""@,"(6) 
/2n 
Substituting this function into (9.51), together with the explicit expression for [? as 
given by (9.58), gives the following equation for @,” (deleting | and m indices, for 
the moment): 


: ἢ da] - - 5 m? 
(9.71) undo (- 958) ΞΕ [κι +1)— tle =0 


τ On physical grounds it is more appropriate to require that |©|? be single valued. However, this can be shown to be 
equivalent to the single valuedness of @ for the case in point. For further discussion, see K. Gottfried, Quantum Mechanics, 
W.A. Benjamin, New York, 1966. 


1 
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or equivalently, in terms of the variable, 


Lu =cos 0 


d >, dO ee ae 
(9.72) τὶ [a —u 2] + [κι a ale =0 
-l<yp<+l 


Let us outline the method by which this equation is solved.’ Setting m = 0 
and II + 1) = A in (9.72) gives Legendre’s equation, 


d dQ, = 
(9.73) τ [«- od + 10, =0 


where we have set OP = ©,. Referring to (9.58), we see that (9.73) is an eigenvalue 
equation for £?/h? (corresponding to L, = 0), with eigenvalue Δ. A solution to 
(9.73) may be sought as a series? in powers of μ. The requirement that this series 
solution remain bounded in the interval —1 < » < +1 implies that: (1) the eigen- 
value 2 must be of the form {{- 1), where 1 > 0 and is an integer, and (2) the series 
solution for ©, contains, at most, a finite number of terms. The first conclusion 
returns the form of the eigenvalues of L? given previously by (9.14), namely, L? = 
ΜΚ + 1). The second conclusion indicates that ©, is a polynomial of order |. These 
polynomials, called Legendre polynomials, are commonly denoted as P,(u), so that 
apart from a multiplicative constant, ©,(u) = P,(w). The series summation for this 
solution may be expressed in the concise form, called the formula of Rodrigues, 


9.74 P 1 5 Ὁ 
0.74) WO = mG 8 - 


With this solution to (9.73) at hand, the solution to (9.72) is obtained by first 
constructing the associated Legendre polynomials. These are defined by? the following 
differential operation on P,(): 


a" Pw) 
2ym/2 ᾿ 
(9.75) Pw) =)" — aa" 
* Fora more detailed description of this method of solution, see E. Merzbacher, Quantum Mechanics, 2nd ed., Wiley, New 
York, 1970. A closely related but more concise technique of solution is described in P. Stehle, Quantum Mechanics, 
Holden-Day, San Francisco, 1966. 


* This method of series solution is explicitly demonstrated in Chapter 10 in the generation of Laguerre polynomials, 
which are components of the wavefunctions for the hydrogen atom. 


* Another popular notation for these polynomials includes the (— 1)” factor explicitly in the ¥* functions. 


" "τ 
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for positive integers m < ἰ. Differentiating Legendre’s equation (9.73) m times with 
= Κι + 1), and ©, set equal to P,, and employing the definition (9.75), one readily 
deduces the equation 


(9.76) < [a — μὴ a Ὲ κι τὴπτ = apr =9 
Comparison with (9.72) indicates that P;"() is a solution to this same equation. 
Furthermore, (9.72) remains unchanged if m is replaced by —m, and we may con- 
clude that P,~"(u) is also a solution to this equation, so that apart from a multi- 
plicative constant, P,” is equal to gs 

In summary, we have found that the solutions ΘΙ (μ) to (9.72) are given by 
the associated Legendre polynomials P,"(u). In addition, we see from the foregoing 
construction how the quantum conditions (9.14) emerge from the requirements 
that ¥;"(©, @) remain nonsingular and single valued in the intervals --1 <p < +1, 
0<¢<22. == 

The precise relation between ©,"(u) and P;"(u) as defined by (9.75) follows 
from the normalization condition (9.63). 


f ean=t ao 2 | ἀπθρὼρβΞΙ 
ΞΞ aoe = 
|, fa [ 9} ἘΞ fe: LOG! 


= 
J dpj{O"Go)? = 1 
-ι 


There results 


Ὁ Ἐ1{{Ξ ὴ ΠΡ | 
= = yt = 
(9.77) OW) [ “a mil Py) 


The first few spherical harmonics, ¥”, are listed in Table 9.1. Iniportant properties 
of the Legendre polynomials, P;, are listed in Table 9.2, while properties of the 
associated Legendre polynomials, P,”, are listed in Table 9.3. 


Polar Plots of Y/" and Spherical Harmonic Expansions 


When a system such as a rigid rotator is in an eigenstate of £? and ἔς. the z axis 
is said to be preferred. Namely, measurement of L, is certain to find a specific value. 
However, in this state, it is stili true that the x direction is in no way preferred over the 
y Girection. Thus the probability density, | ¥/"|?, is rotationally symmetric about 
the z axis or, equivalently (from 9.70), | ¥"| is independent of ¢. The function | ¥;"| 
is a surface of revolution about the z axis. 


i 2 τις -- m)! 44! 


2 
— |@;"(cos θ)} = | —— |P:"(cos @)| 


fn 4x (1+m)! 


(9.78) γπ|Ξ 


TABLE 9.1 The first few normalized spherical harmonics and corresponding associated Legendre 


polynomials* 
21+ 1(] -- πὴ) }}}} ον = 21 +1)! = 
w= Tan] POM τ:-:--. 


Ξ π ᾿ 
[ acoso [ἢ ἀφ ¥;"(¥" )* 
-1 Ὁ 


Ρ," = —sin@ 

P,° πους 

Ρ,"" =4sin@ 
P,? = 3 sin? 6 

Ρ,' = —3sin @cos@ 


P,° = (3 cos? @ — 1) 

P,~' =4sin @cosé 

P,-? = 4sin20 

P;? = —15sin* 0 

P37 = 15 sin? 6 cos θ 

P;! = —3sin @(5 cos? @ — 1) 

P3° = (5 cos* 9 — 3 cos θ) 
= }sin 6(5 cos? 6 — 1) 

Ρ, 3 = }sin* 6 cos @ 


Pi, =dssin? 6 


= Bion Sr 


y= = P,(cos 0) 


1 
¥ ire. = 


πιξ τὶ 


a (=r 


4 
1 112 = 
y,i=—- Ξ (2) sin @ cos θεῖ 
1 /5\"? 
¥ oS |= 3 6-1 
A i) (3 cos ) 
fis" 
yo= 1} sin θ cos θε- δ 
ἘΠΞΝΞ i 
Y= - =) sin? Ge 7° 
π͵ 
1 35. 12 = 
85: = sin? θ εἶ 
X 


1 /105\1/? j 
Y= 3 (=) sin? @ cos θεῖ 


Ξ 21 = 
¥y'=-- i)" sin &(5 cos? 6 — ie 
sh Ξ - 
5: Θ᾿ —} (δοοβῆθ -- 3 οος θ) 
π 

ἘΣ Ξ 

πὴ Ἐ(}) sin θ(5 cos? θ -- ije"** 
+ π 

1 (105. 

γι 5. Ξ Ε) sin? cos θὲ. “ἢ 
ἐπ 
12 . 

γι" - : (=) sin? @e~ 3° 


Defining relations for Py) and P, "( 


1) are given in Table 9.3. Comparison with other notations for the 


spherical harmonics and their related functions may be found in D. Park, /utroduction to the Quantum Theory, 
2nd ed.. McGraw-Hill. New York. 1974. 


is 
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TABLE 9.2 Properties of the Legendre polynomials 


Generating Formulas 
ᾳ = 2μς + 52." = Σ Ραμ)! 
1=0 


πιεμει 


Pi) = 5 2 - 1) 
Sit ae 1=0,1,2,3,... 


Legendre’s Equation 


2 
a= oe = 2 +104 1)P() = 0 


Recurrence Relations 
(+ DPisi@) = ΟἹ + Ἡμρι(μ) — ἸΡι- χ(μ) 


d 
a— WG Pw = —luP(p) + IP,_4(u) 
Normalization and Orthogonality 


ΓΞ Ρ(Ρ, (μ) ἀμ = (=m) 


2 
2141 
Ξο ([ # πὴ 
The First Few Polynomials 
Pe=t P, = 4p? — 1) P, = 4(35p* — 30u? + 3) 
Py=p  P3=45u2—3y) Ρ. = ἐ(63μ᾽ — Τομ᾽ + 15μ) 
Special Values 


Pu) =(-1'P{-n) PI) = 1 


Polar plots of these functions for ἰ = 0, 1, 2, and all accompanying m values, in any 
plane through the z axis, are sketched in Fig. 9.10. 

The functions ¥;"(0, ¢) are a basis of the Hilbert space of square-integrable 
functions φίθ, ) defined on the unit sphere. Such functions may be normalized as 
follows. 


2π 1 
(9.79) Ἰφίθ, oI? = <oloy = [de [ deosaore=1 
0 = 
The expansion of ¢ in spherical harmonics is given by 
(9.80) 06, φ) -- ΣΣ Σ᾽ aim Yi" (6, 4) 
1=0 |m|<I 


The coefficient of expansion a,,, is given by the inner product, 


1 


2π 
(9.81) Aim = <¥;"|9) = [ ἀφ) dcos θΓὙ0, $)]* 96, $) 
-1 
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TABLE 9.3 Properties of the associated Legendre polynomials 


Definition 


ἐπ 
Pu) = (—1)" - wee pew Po =P, 


Pom) = (— pr —™ pry; Pt = sin’ 
1a Ga ny) fee 
For these equations, mis taken as > 0. In the formulas below, however, m may be < Oalso;/ = 0, 1,2,3,..., 
|m| <1. 


Differential Equation 


ἀξ Pu) aP™(u) 
— yp 
dy du 


2 


ᾳ -- μὮ + [1 +4) 5 ]ρρω =0 
1-2 


Recurrence Relations 
(21 + ΜΡ’) = ( — m + ΠΡ. "+ (+ m)P,_ 1") 
(21+ DG -- 7)? Pu) = Py) — Piss WW) 
aPi"(u) 
ἀμ 


(= αὐ EE = (+ DuP im) -- =m + DP ro") 
= -μρρᾺ + (Ὁ πρὶ. νῷ 
α = 22)! Pu) = (= muP MQ) = 1+ mP,-.G) 
= = (+ m+ IPG) + (=m + 1)P,.."Q) 


Normalization and Orthogonality 


aes = Se SEZ 
fr WPM) ἀμ = Tm 


=0 (l#h 


(=k) 


"2. Suppose that at a given instant a system (e.g., a rigid rotator) is in the state (0, @). 


Then the probability that measurement of L? finds the value h?/(I + 1) is 


(9.82) PLL + 1] = Σ lm |? 


m=-1 
! while the probability of finding L, with the value fim is 


(9.83) P(im) = Σ [α᾿, [2 


{Ξ {πεὶ 


Ξ For example, consider that a rotator is in the state 


(0, 6) = A sin? 6 cos 26 


1S τῷ 
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Zz z. Ζ. = 
1Υ2]} 159} ῳ ιν} 
Ζ = Zz 
ιν} os ys 
z 
cp" 


FIGURE 9.10 Polar plots of | ¥;"| versus @ in any plane through the z axis for / = 0, 1, 2. The equality 
|¥,"| =| ¥,-™1 is exhibited. 


What values of L? and L, will measurement find? To answer this question, in principle 
we should first evaluate the coefficients a;,, given by the operation (9.81). However, 
for the case at hand, reference to Table 9.1 reveals that ¢ is the simple superposition 


g = A(Y,? Ἐν, 9 


where A and 4’ are constants. So the only coefficients that enter the expansion (9.80) 
are ay, and (5. 2. We may conclude that measurement will find the value L? = 6h? 
with probability 1 and the values L, = +2h with equal probabilities of . No other 
values of L, and L? would be found for a rotator in the state given above. 


Second Construction of the Spherical Harmonics 


Let us now turn to the second procedure for finding the ¥;” eigenfunctions, initiated 
by (9.52). Consider that we have already solved for the eigenfunction of L,, so that 


I- 


ie 


Is 


Ww 


ἴῳ 
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φι,. is known to be in the form given by (9.70). Equation (9.52) then becomes 
(9.84) L, εἶφΘ (0) = ne(S + icoté ae ΠΦΘ [(θ) = 


Bringing the exp ({Φ) factor through the differential operator gives (deleting the 
Lscripts for the moment) 


(9.85) es © =Icot#@O 


Substituting the relation 


(9.86) Icot 8 = s In sin! 0 


and then dividing through by © gives 


1.8 8 ὃ 
9.87 -,Θ = —Insin! 
(9.87) Ὁ 88 79 9 3 in sin’ 
This is simply integrated to yield 
(9.88) ©} = Ay, sin' 0 


. where A, is a normalization constant. It follows that Υ is 


Ay. = 
(9.89) y! = —* sin’ 6 ell# 
J mn 
which agrees with the values given in Table 9.1. The eigenfunction Υἱ 1 is obtained 


from ¥/ through the operator L_. 


(9.90) C*y¥=y 
In this manner we obtain 
(9.91) Ὑ =A, et sin 80 cos. 9 


which is also in agreement with the values given in Table 9.1. The relations between 
£,, £_, and the Ὑ functions with correct normalization factors are given in 
Table 9.4. 

We conclude this section with the following example. Suppose that a rigid 
rotator is in the eigenstate of £? and £, corresponding to | = 1 and m = 1 (ie. vr 
What is the probability that measurement of L, finds the respective values m = 0, 
+1? To answer this question we must expand Y,’ in the eigenfunctions of ἜΣ 
These eigenfunctions are solutions to the equation 


(9.92) L,X(@, Φ) = haX(6, >) 


Ins 


Ne 


ra) 


με- 


338 ANGULAR MOMENTUM 


TABLE 9.4 Normalized relations between L, , L_ = Ζ. ΑΙ and the states | /7)* 


ΓΙ ΤΙΝῚ) = mh|Im> 

ΣῊ |Im> = ἅ{{| — m)(l + m + Π]Η 2}, πὶ + 19 

£_|Im> = A{( + πῆ! — m + 1]? 1, m — 1) 

£,\Im> = Fa[(l — m)( + m + 1)? |1, m + 1) + SAL + ml — m + 1)? |, m — 1) 
L,|Im> = —4ih[(l — m)(1 + m + 1)}? 1, m + ΤΣ + FAL + πὴ -- πὶ + 1}? |, m — 1 
£,|Im> = ALI + 1) — m(m + 1)? |, m + 1 


“These normalization relations also apply to the total angular momentum operators, J, ,J,,J,,J.,and 
J, where 

P| jm;> = ii + ΤΠ] ρα 

J, ljm;> = im; \im;> 


The student may question why these functions are not simply the spherical harmonics 
y;”. After all, there is no intrinsic difference between £, and £,. The answer is that the 
eigenfunctions of £, are the ¥" functions if we define the x axis as the polar axis, 
so that θ is angular displacement from the x axis. However, for the problem at hand 
the z axis is the polar axis and the X functions are a bit more complicated. 

Writing L,, as 
(9.93) £,=i1@,+4L£_) 
it is clear that L, ¥;" gives a combination of spherical harmonics with the same ἰ value. 
Also, since all ¥;" functions with |m| < / are eigenfunctions of £? with eigenvalue 
h71(1 + 1), any combination of such functions is an eigenfunction of £? with eigenvalue 
h7(1 + 1). 

With these properties in mind we seek a solution to (9.92) in the form 
(9.94) X =aY,' + ΒΥ," + οΥ," 1 


The problem of finding the eigenfunctions of L, (corresponding to | = 1) is then 
reduced to finding the coefficients a, b, and c in the expression above. 
From the properties of L, and £_ listed in Table 9.4, we have 

L,Y,° = ./2ny, 

L,Y,71 = ./2hy,° 

pow Ξὰ 

ΤΥ =./2ny,° 
Substituting the expansion (9.94) into the eigenvalue equation (9.92) and using 
the relations above gives the equation 


(9.96) (αΥ + bY, + bY,-! + cY,°) = \/2a(aY,! + bY,° + c¥,~) 


(9.95) 


Since the ¥;” functions form a linearly independent sequence, it follows that the only 
way to guarantee equality for all values of θ and ¢ in the equation above is to set the 


τ 


- 
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coefficients of individual ¥;" functions equal to zero. This gives the following set 
of three homogeneous algebraic equations: 


- δὰ Ξ 0 a 
(9.97) 1 —./2a 1 b}/=0 
0 1 Ξ 20) Nc 


A nontrivial solution of these equations occurs only for values of « that make the 
determinant of the coefficient matrix vanish. Setting the determinant equal to zero, 
one obtains 


(9.98) a(x? —-1)=0 

which gives the eigenvalues 

(9.99) a=0, 2=f a=-1 

Substituting these values back into (9.97) gives the (normalized) eigenvectors 
Xo= παι - τ, α-τΞ 

(9.100) Xp - 3, τυ τεν, , «= 41 


X-=4%'-/2¥9+H), α--ὶ 


With these eigenfunctions of £, at hand it becomes a matter of inspection to construct 
the linear combination that gives Y,'. It is given by 


(9.101) Yi =4(X%, +./2X5+ X_-) 


It follows that if the rotator is in the eigenstate of 72 and £, corresponding to | = 1, 
m = 1, then the probability that measurement of L, finds the value +h is 4, the 
probability of finding —h is 4, and the probability of finding 0 is 3 (Fig. 9.11). 


FIGURE 9.11 Given the state 12 = 2h7, 
L, = h, what is the probability that measurement 
of Δ. finds the values +h, 0? Geometrical con- 
struction shows that two projections of L give 
L, = 0, while one projection gives L, = +h and 
one projection gives L, = —h. 


PROBLEMS 


9.14 Use transformation equations (9.55) to obtain the expression 


i τῆι 


Answer 
From (9.55) we obtain the following useful relations. 


Ζ 
P= x? + y? +22, cos@=-, tang =2 
¥ x 


66 __ cos d cos 6 ep ν 2 
ox r ὃς 5 Ὁ 
ΔΕΒ. 60° sind cos 0 ὟΦ᾽ δῴ _ cos? 
ὃν r = ὃ x 
a0 sind a Ὁ 
az r az 
eee or χ ory or Ζ . 
Ox ν΄ ὃν SS 


For example. from cos @ = z/r, one obtains 


06: é1 zx (z/r)(x/r) cos θ sin θ cos ¢ 
=sin@—=z—-= 5=- = 
Ox ΟΧΥ r r r 


Substituting these expressions in the expansion 
= Ξ ὃ é 
gS -in(x ἘΣ -» =| 


inl (82 .ὲφ 2 ὃν ὃ Ὧ9 ὃ 6b ὃ | ore 
πον 00 dy δῷ ᾿ dy ar) \x 00 * ax ab * Ox dr 


" 


gives the desired result. 
9.15 (a) What is [¢, £,]? 

(Ὁ) Calculate the root-mean-square deviation A@ for a particle in the uniform state 
φΞ 1/,/2n. (Hint: Perform your integrals over the interval —z, z.) 

(c) Write down an uncertainty relation seemingly implied by your answer to part (a) and 
argue the physical inconsistency of this relation in view of your answer to part (b). 


Answers 

@) [¢£]=ih 

(8) Ad lmax = 2//3 

(c) One is tempted to write Ad AL. > h/2; however, by virtue of the result in part (b), 
340 
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uncertainty in ᾧ greater than ὄπ. has little physical meaning. In the extreme that the system is in 
an eigenstate (e.g., ¥") of L,, AL, = 0 and the uncertainty relation gives A¢ = 00. Thus we may 
conclude that the assumed uncertainty relation is erroneous. [ Note: Consider the space of functions 
, whose elements have finite norm on the finite interval (0, 27) (ie., [27 φῆφ ἀφ < 00). It has 
been pointed out by Ὁ. Judge! that £, is not Hermitian on this space. As a consequence, the 
derivation of the uncertainty relation between ¢ and L, from their commutator relation fails. 
The non-Hermiticity of £, on $4 may be seen‘as follows. It is evident that the Hermiticity con- 
dition <£,9;|92> = <@,|L,@ > is valid only on the subspace 9,’ < 5, whose elements are 
periodic: (0) = g(2z). Hence L, is non-Hermitian on §,. Specifically, note that even though 
φίφ) is periodic, the product ¢¢(¢) is not periodic and one may not invoke Hermiticity of L, with 
respect to functions of this type. This is the crux of the breakdown in the proof of the uncertainty 
relation. See Problem 5.42.1 
9.16 In regard to inconsistencies presented by the azimuthal angle ¢, as discussed in Problem 
9.15, it has been pointed out by W. Louisell? that more consistent angle variables are sin ¢ and 
cos ¢. 
(a) Show that 
[sin ¢, L.] = ih cos ¢ 
[cos φ. £.] = —ihsin d 


(b) Use these commutator formulas to obtain uncertainty relations between sin ¢, L, 
and cos @, L.. 


Answer (partial) 
hécos }> 
2 


hésin }> 
2 


AL, Asin ΦΣ 
(b) : 


AL, Acos ¢ => 


9.17 (a) Show that the operator 


Rag = exp ( a) 


when acting on the function {(@) changes f bya rotation of coordinates about the z axis so that the 
radius through ᾧ is rotated to the radius through @ + A¢@: That is, show that 


Rag f(b) = Γ(φ + Ad) 
(b) Show that the operator 


Ras = exp (a / *) 


* D. Judge, Nuovo Cimento 31, 332 (1964). For further discussion and reference, see P. Carruthers and N. Nieto, Rer. Mod. 
Phys. 40, 411 (1968) 
? W. Louisell, Phys. Lett. 7, 60 (1963). 
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a 
Reef) =f Ἔ δ)  rGuRES.12 The rotation operator R,. changes 
x κα = F(t) by rotating r through the azimuthal increment 
Reg =1+7456-L/i de. See Problem 9.17. 


when acting on f(r) changes f by rotating r to a new value on the surface of the sphere of radius 
r, but rotated away from r through the azimuth Ag, so that r(0, φ) -- τ' = τίθ, φ + Ad). For 
infinitesimal displacements 5, we may write 


Rig ΤῸ = f+ or) 


ὃτ τ- δῷ χα 
See Fig. 9.12. 


Answers 


Ὁ tar-[oo(soa)) 


Ff (Δφ) ef 

= Ag — τς 

ἈΦ + Bb τ τς 

(b) Let δῴ be an infinitesimal angle so that A¢ = πδῴ in the limit that n > 1. For the 
infinitesimal rotation 


+= fb + A$) 


r=r+or=r+o0oxr 
so that 
S(@ + dx) = fe) + 5 x τ᾿ VF) 
= f@) + 6b-r x ὦ 


= fl) +5 06-1 x BO) 


= f0) +256 - E70 
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In the Taylor series expansion of f(r + dr) above we have only kept terms οἵ O(6¢). [The ex- 
pression ὃγ = d@ x ris valid only to terms of O(6¢).] In this manner we obtain 


7α + δὴ = (i + do - i) = Rs SO) 


For a finite rotational displacement through the angle ΔΦ = nd@, we apply the operator 
Ry, n times: 


Rie Fi (Rs5)" = (i+ Ξ oo - t) 
and pass to the limit n + οὐ or, equivalently, A¢/5@ > οὦ. 
pene δφιδφ hs, 
R,,= lim (i +=—do- t) = 
Ad/do— 0 h 
(Note: The operator R δῷ Totates r tor + do x r with respect to a fixed coordinate frame. If, on 
the other hand, the coordinate frame is rotated through 6 with r fixed in space, then in the new 
coordinate frame this vector has the value r — 6 x r. Thus, rotation of coordinates through 6 
is generated by the operator R_ 54.) 
9.18 Show that £? may be written as 


oe Sar Sppie2 pars τῇ ag 
sie 2 
τ παῖ (S ct tO Cachmna =) 


9.19 Show by direct operation that 
PAY 2 6ney,2 
L.Y,? = 2nY,? 
9.20 First calculate P,() using the generating function (1 — 2us + 52). "2. Then obtain P,'(u) 


using the relation between P, and P,” given in Table 9.3. Having found P,', form Θ᾽ and then Y,}. 
Check your answers with the values given in Table 9.1. 


9.21 Using the explicit form of ¥;", show that 
CH" ¥"> = (μι! I'm) = 0 πὶ # πῦ 
9.22 Operate on ¥;'~* with £_ to obtain the angular dependent factor οἵ ¥/~?. 
9.23 Assume that a particle has an orbital angular momentum with z component fm and square 
magnitude h7/(/ + 1). 
(a) Show that in this state 
<L.) = <L,> =0 
(b) Show that 
hl + 1) — m?h? 
{L2) = <= 


(Hints: For (a), use ἦι, and £_. For (Ὁ). use £? = £,2 + £,2 + £2] 
ἐὰ 
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9.24 The same conditions hold as in Problem 9.23. What is the expectation of the operator 
3(£,£, + £,£,) in the ¥;" state? 
9.25 AD, molecule at 30K, att = 0, is known to bein the state 


3Y,'+ 4Υ,35 - Y,! 
ta πος " 


(a) What values οἵ L and L, will measurement find and with what probabilities will these 
values occur? 

(b) What is ψίθ, ¢, 1)? 

(c) What is (ΕΣ for the molecule (in eV) at t > 0? 
(Note: For the purely rotational states of D,, assume that h/2Ic = 30.4 cm~ a) 


9.26 Ata given instant of time, a rigid rotator is in the state 


φίθ, φ) = sin Φ sin θ 


(a) What possible values of L. will measurement find and with what probability will these 
values occur? 

(Ὁ) What is <£,) for this state? 

(c) What is <£?) for this state? 
9.27 Suppose that a rotator is in the state Y,~!. What values will measurement of L, find and 
with what probability will these values occur? (Hint : Most of the analysis in the text [(9.92) et seq.] 
involving the expansion of the state Y,* may be used here.) 
9.28 A one-particle system is in the angular state ¥/". Measurement is made of the component of 
L along the σζ' axis. The z’ axis makes an angle A with the z axis. What is the expectation of this 
component? What is the expectation of the square of this component? (See Fig. 9.13.) 


FIGURE 9.13 Configuration relevant to Problem 9.28. 


᾿- 
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Answer 
For the first problem we must calculate <e.-- L), where e_. is the unit vector in the direction of the 
2’ axis. For the second problem, we must calculate <(e,, - L)?). The components of ες. are 
e., = (sin A cos B, sin isin B, cos A) 
where f is the azimuthal coordinate of e.. with respect to the original axes. 
<e,-L> = sin A cos BXL,> + sin A sin BKL,> + cos A<L.> = hm cos A 
<(e.--L)?> = sin24<L,?> - cos?A¢L,?> 


9.29 With ©,(u) replaced by P,(1) in (9.73), show that single differentiation of this equation gives 
(9.72) with @(u) = P}(u) and m = 1. 


9.4 ADDITION OF ANGULAR MOMENTUM 


Two Electrons 


In this section we examine the relation between the angular momentum of a total 
system and that of its constituents. This problem is of practical importance in atomic 
and nuclear physics where one encounters systems of many particles (e.g., electrons, 
neutrons, protons, etc.). In many cases one is chiefly concerned with the resultant 
angular momentum of the atom or nucleus. 

Consider two systems that are rotating about a common origin. They could be 
two rotators or two electrons in an atom (Fig. 9.14). We will speak in terms of an 
atom. If the angular momentum (neglecting spin) of the first electron is L, and that 


L=L, +L, 


my, 


m2 
FIGURE 9.14 Classical addition of angular momen- 
tum. The two angular momentum vectors L, and L, 
my, add to give the resultant L. 


my 


US ie 


iby 


In 
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of the second electron is L,, the magnitude and z component of the total angular 
momentum of the composite system of the two electrons is 

P=0,+L,° =£,7+ £,?+ 2,-L, 
(9.102) a Ξ = 
L, = Ly, + Lp, 
Suppose that the total system is in a state with definite values of L;., 1,2: (e.g.,|m m2). 
How much further may this state be resolved? Since there are only two good 
quantum numbers associated with each electron (i.e., m,/, and η12 2), one suspects 
that the composite system will have no more than four good quantum numbers. 
As it turns out, the eigenstate |m,m,)> may further be resolved to the state |1,/,m m2). 
This state cannot be further resolved. For instance, one might wish to measure L?. 
If the atom is in the state |/,/,m ym > before measurement, we are not assured that 
it will be in that state after measurement of L?. That this is so follows from the fact 
that Γ2 does not commute with, say, L,,. 


(9.103) Ess ἘΞΙ = eae £? ES ἘΞ ΞΕ 21, = L,] 
Ξε δ bia 2ih(L,, Lo, = Ἐ- 15 


In order to establish that the set of eigenvalues (1,, ἰ2. m,, m2) are good quantum 
numbers (i.e., that these values may be simultaneously specified in an eigenstate 
|l,,:m,m)), one must show that the set of four operators (6 Eres bees Oras! Dio ete 
a set of mutually commuting operators. The fact that no other commuting operators 
(restricting the discussion to the angular momentum properties of the system) can 
be attached to this set indicates that (L,,,£,-, £,7, £7) is a complete set of commuting 


operators. 
We wish to show that 
(9.104) [Ζ,-: 1,1 = ΓΖ... 1, = [Lis £,7] = ΕΞ... £7] 


= [Lz 1,2} = LE”, £37] =0 
The fact that [£,2, £,.] = 0 was shown in Section 9.1. The commutators [L,., £2,] 


vanish because the coordinates of system 1 are independent of the coordinates of 
system 2, so that, for example, 
ὃ 
= 
[> 4] 


All other terms in (9.104) vanish for similar reasons. 

Suppose that we measure L? and L, and establish the state |lm). Can this state 
be further resolved? Yes. One may subsequently measure L,” and L,? and not 
destroy the eigenvalues of L? and L. already established. After measurement, the 


I- 
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system is left in the state |/ml,1,>. To show that ἰ, m, |,, and I, are good quantum 
numbers, we must establish that the set (£,7, £,, £?, £,) is a set of commuting 
operators. The only questionable pairs are of the form 


(lo ΓΞ | and 2] 
Expanding these, we obtain 


[£,?, £,? + £,? + 20, 1.2] = 27,5. L, -L,) = 2[f,7,£,1- L,=0 


9.105 a = a =< = = x 
sialic ΓΕΔ S062 S12 ΤΕ, G3 =0 


Coupled and Uncoupled Representations 


Thus we find, in quantum mechanics, that the angular momentum states for a 
composite system consisting of two subsystems are characterized by either of two 
sets of good quantum numbers. These correspond, respectively, to the eigenstates 
|l,l,m m2) and |Iml,1,). The latter states pertain to problems where the total angular 
momentum of the composite system is important. We will call this representation 
where L? and L, (together with L,? and 1,27) are specified the coupled representation 
(Fig. 9.15). The representation where the z component and magnitude of angular 
momentum are specified for all subcomponents (i.e., L,?, L,,, L>”, 1,2.) will be called 
the uncoupled representation. 


FIGURE 9.15 In the coupled representation, L, 
and L, couple to give L, which then exhibits discrete 
orientations along any prescribed axis. In this vector- 
Ly model sketch of the state | /m/,/,>, the z components 
Ly=fi/1, i, + 1) of L, and L, are not conserved. This corresponds to 
the fact that most generally, |/m/,/,> is a super- 
position state involving all m,, 7m, values with fixed 
m, + m,=m. 


= 


in 
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FIGURE 9.16 Angular coordinates for particle m, 
and particle m,. Two important addition theorems in- 
volving the angle β between Om, and 0m, are 


(a) cos β = cos θ, cos 0, 
+ sin 6; sin 0, cos (φ, — >) 
i 


1—m)! 
(©) Pycos fy = y 4-5) 


m=-1(1 +m)! 


x P,"(cos 8,)P,"(cos 0,)e"™1~ 42) 
2π 
21+1 


x Y DG: ddY"G2, 62) 


The eigenstates in either representation are constructed from products of the 
eigenstates |m,1,> and |m,/,>. In the uncoupled representation the simultaneous 
eigenstates of (L,?, £,., £,?, £,.) are given by the products 
(9.106) ILl2mymz)> = |1m,>|1,m2> 
or, equivalently, 

¥,"(61, $1)¥,.""(62, G2) 
The spherical coordinates of electron 1 are 6,, 6; while θ5, 62 are the coordinates of 
electron 2 (Fig. 9.16). For given values of |, and /, there are (2/, + 1)(2I, + 1) 
linearly independent eigenstates of the composite system each of the form (9.106) 
and each with specified values of (J,, 1,, m,, mz). 


Eigenstates |/ml,1,> of the coupled representation are simultaneous eigenstates 
of the commuting operators 


(9.107) 


Any such state may be written as a superposition of the eigenstates of the uncoupled 
representation (9.106). In both representations /, and /, are good quantum numbers. 
It follows that in the expansion 

(9.108) [Imlsl>= YY |hlamym,)<Iil, mmz|Iml,l,> 


mit+m2=m 


no 
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summation can only run over the quantum numbers m, and m,. The constraint 
m, +m, =m stems from the middle equation (9.107) and the orthogonality of 
the states |/,1,m,m >. Equation (9.108) may be rewritten 


(9.109) [Ππῖ] 12) = ΣΣ ΟΠ lamym2> 


my+mz=m 
Crmz = (lyl2mym,|Iml;l,> 


The expansion coefficients C,,,, are called Clebsch-Gordon coefficients and their 


* significance is as follows. Let the composite system be two electrons. In the state 


"- 


1w 


|Iml,1,> it is known that these electrons have respective angular momentum quantum 
numbers /, and /,, and total angular momentum and z component quantum numbers 
! and m. The question then arises as to what measurement of L,, and L,, will find 
in the state | /ml,1,>. The answer to this question is that 


(9.110) |Cnm2!7 = probability that measurement finds 
one electron with L,, = m,h and the 
other electron with 1.2. = m,h 


As an elementary illustration of the technique employed to construct these 
coefficients, let us consider expansion of the state 


[Iml,1,> = |1, —1, 1, 1> 
With m, + m, = —1, the expansion (9.108) becomes 
11, —1, 1, 1) = 69- 41,051, τοῖν + Ο. 001, —1)]1, 0 


The coefficients Cy_, and C_ 10 are determined by normalization and propitious 
application of the £, and L_ operators. For the case at hand, we operate on the last 
equation with 


There results 
£_|1, -1,1,1) =0 
= (£,- + £,-)(Co-1|1, 0>|1, —1> + Ὁ. 301, — 111, 0) 
= /2(Co-1 + C-r0)l1, 1511, -1) 
We may conclude that 
SS 
Normalization of the state |1, —1, 1, 1} gives Cy_, = 1/,/2. 


yoo 


In 


Valecs of / for Two Electrons 


Next we consider the problem of finding the allowed values of (I, m), given (,, 12). 
This problem is directly related to “two-electron atoms,” such as He and Ca, whose 
energy levels are /-dependent. Suppose that one electron is a p-electron (i.e., it is 
in a P state) and the other electron is a d-electron. What values can result for / and m 
(still neglecting spin)? 

Let us consider the general case where the two electrons have respective | values 
1, and /,. Since 


L, = Ly, + Lz, 
it follows that the maximum value m can have is 
Max = 1... + Max 
or, equivalently, 
(9.111) Mmax = 1, + ἰ 


It is clear that of the various values the total angular momentum quantum number | 
may assume, the maximum value is equal to m,,,,. With (9.111) we then obtain 


(9.112) Imax = 1, + lp 


In that / is an angular momentum quantum number, successive values of | differ 
from 1,,.x in unit steps down to some minimum value. What is this minimum value? 
To obtain it, we note the following. 

As noted previously, in the uncoupled representation there are (2/, + 1)(2/, + 1) 
independent, common eigenstates of £,?, £,7, £,., and ἦν: relevant to the two- 
electron system. These states span a (2/, + 1)(2/, + 1)-dimensional space. A change 
in representation! from this basis to the common eigenstates of £7, £., £,?, and L,? 
maintains the dimensionality of this space. This observation affords a method of 
obtaining /,,;,. That is, keep decreasing /,,,, in unit steps until the total number of 
independent states equals (2/, + 1)(2I, + 1). 

Now the number of independent eigenstates with a given / number is 2] + 1. 
Then the value of /,,,, We seek satisfies the equation 

lth 


Σ 2+ 1) =(2h + Qh +1) 


1=lnin 


This relation is satisfied if we set 


(9.113) Trin = [14 — ἰ] 


* The notion of changes in representation was discussed in Section 7.4 and will be developed further in Chapter 1]. 
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2 In this manner we find that the values of / corresponding to a system comprised of 
two electrons with respective | values |, and /, are 


(9.114) l= |, -—b],....44+h 
"2 For the problem cited above with one p electron (ἰ; = 1) and one d electron 
(I, = 2), the total angular momentum may be any of the values 
1223 


L=h/2, L=h/6 L=h/12 
There are a totality of 
N=(22x14+1)+@x241+2x341)=@2x14+0D@x2+41) 
=A5 
, States, corresponding to these three values of |. For the case of two p electrons 
(1, = 1, = 1) there are nine eigenstates. These are listed in Table 9.5. 


g The distinction between the coupled and uncoupled representations is brought 
out in the following two sets of eigenstate equations. 


Coupled Representation 


ἘΣ ΚΙ + 1) 

L m/h 

x | |Iml,1,> = h? Iml,L. 
ΠΣ |Iml,1,> πα, +1) |Iml,1,> 
shoe L(l, + 1) 


TABLE 9.5 Nine common eigenstates |/ml,/,> of the opeators: ζ΄, L., L,?, L,? for two 


p electrons 
Diagramatic 
Representation* Imlj1n> = Y Naam, lls >1 [L222 
tt 22.11) =|11),|11>2 
tet 21 ΠΣ = /5111),|10>, + /F110),|11). 
Ἡ ἘΠ ἘΠ ΙΖ ΠΣ = JAII1D, 11, — 192 + 9110), 11092 + JAIL, -1), 1112 
Le]: 2-1 ΠΣ = /$]10),1, -- ἵν» + ΨΈΠ, — 19,110), 
" 2,--2 ΤΙ. Ξ ΤΊ, το 11, το 12 
1:-- ἰ ΠῚ ΠΣ = 4111), 110>, — ,/$110>, 111), 
t-Ut 10 ΠΣ) = ΠΣ}, —1>2 — /$I1, τ 121112 
‘=I: 1-1 ΠΣ = 310), 11. —12 — ΜΠ, —1), 110), 
ΤΙ τ ἘΠῚ 10011) = /4]119, 11, τοῖς το /4110>, 1102 + ψ 811, -1), 111), 


* The diagramatic representation of states is such that an up-arrow, a down-arrow, and a dot represent, 
respectively, m = 1, —1, and 0 of individual electrons. 
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Uncoupled Representation 


Le μι ἢ 

#221 {1,1mym,) = 4] ΠΩ ἢ 1 mym,) 
te Ld, + Ἥ 1 

ΤΩΣ {5(1,.-Ὁ 1), 


These equations are relevant, for example, to the case of two electrons, given that 
one is an /, electron and the other, an /, electron. 
For three electrons, in the uncoupled representation the six operators 


{ Lies Tn3, Loss Est, [;.) 


form a complete commuting set. Good quantum numbers associated with these 
States are (I, m,, 1, m2, 13, m3). In the more relevant coupled representation, the 


six operators 
(L?, £., £,?, £,, £37, A,”) 
form a complete commuting set. The operator A,? is given by 
(9.115) Ay? =a,,0, + £,)? + a,38, + £5)? + 238. + £5)? 


where the a coefficients are arbitrary. If I is the eigen-I-value related to A,?, six good 
quantum numbers for the case at hand are (I, m, |, ἰ, 13, I’). 


PROBLEMS 


9.30 What are the eigenvalues of the set of operators (£,, £,., £,7, £.) corresponding to the 
product eigenstate |m,l,>|m2/,>? 
9.31 Let J, and J, be the respective angular momenta of the individual components of a two- 
component system. The total system has angular momentum J = J, + J... Show that: 

@@) 3-3. =45,.5,-4+ 5,52.) 4+ id, 

ὦ) 2 = 5,2 +5, + 25,52. + S14 5.- + Ji- Jay) 
9.32 (a) Using the expansions developed in Problem 9.31, operate on the coupled angular 
momentum eigenstates for two p electrons as listed in Table 9.5 with £? and L., respectively, to 
verify the /m entries in each of the nine | Iml,!,) eigenstates. 

(b) What are the Clebsch-Gordon coefficients involved in the expansion of the state 
10011)? 

(c) What is the inner product <2011|0011>? 
9.33 (a) With respect to the diagrammatic representation of states depicted in Table 9.5, 
what are the states corresponding to the diagrams 


ψο- --, ψι, =Tl+Jt, 3=Tl? 
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(0) Expand each of these functions in terms of the nine diagrams listed in Table 9.5. 
(c) Are any of these three states eigenstates of £2? [Hint : Use the expansions obtained in 


art (b). 
᾿ @ Two electrons are known to be in the coupled state y,. What values of total angular 
momentum L will measurement find and with what probabilities will these values occur? 

9.34 Two pelectrons are in the state |Iml,1,> = |1, — 111). If measurement is made of L,, in this 
State, what values may be found and with what probability will these values occur? 

9.35 Two p electrons are in the coupled angular momentum state [Iml,l,> = |2,, —2, 11). What 
is the joint probability of finding the two electrons with L,. = L3, = —h? 

9.36 How many independent eigenstates are there in the coupled Tepresentation for a two- 
component system, given that |, = 5 and |, = 1? Make a table listing the ml values for all these 
states. 

9.37 Show that A,? as given by (9.115) commutes with 72 and i 

9.38 The eigenstate corresponding to maximum | for the three-electron case is 


Im, ἐγ, bo, ἰ5, 1) = thy LD Ila, 17 }15. > 


(a) What are the eigenvalues of £?, ΕΞ corresponding to this state? 
(Ὁ) What is the eigenvalue of the operator A,? given by (9.115) corresponding to this state? 


9.5 TOTAL ANGULAR MOMENTUM FOR TWO OR MORE ELECTRONS 


We are now concerned with the possible values the total angular momentum / 
numbers may assume for a system of N electrons with respective /; values: 1,,1,,...,y, 
in the coupled representation. A totality of (21, + 1) (2/, + 1)--- (2ly + 1) product 
States may be formed which are simultaneous eigenstates of the set of operators 


C2L ΕΞ. Le) 
We must make sure that our procedure for calculating these | values preserves this 
number of states. This affords a check that we have found all / values. 

The possible values that / can assume may be obtained by one of two techniques. 
The first technique follows from the rule (9.1 14) for the addition of the angular 
momenta of two electrons with respective / values: 1, and I, . In this case the combined 
angular momentum 
Σ᾽ ΞῸ ἘΞ 

has eigenvalues, 4/(I + 1), where 

[Ξ ἢ + Dl. addy —1,| 
Consider the case of three electrons. Their total angular momentum is given by 


P=(C,+ L,+ L,)? 


1 


ῳ 


if 
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This may be rewritten in the form 
P= +L," 
P=L, +L, 
Suppose that one of the / values corresponding to £’ is I’. Then the | values cor- 
responding to the total angular momentum [? are 
(9.116) | τὸ | +45|,..., | τ [3] 


This again follows the rule of (9.114). For example, consider the case of three Ρ 
electrons (/, = /, = ἰ3 = 1). Then for the first two electrons we have 


Y= |i, +h,...,Jh —bl=0,1,2 
Adding the third electron gives [using (9.116)] the / values 
'=0,1,2 l= | +1|,...,1 — [5] 


'r=0 —- /=1 
'=1 —, 1=0,1,2 


=a 


Thus we obtain the result 


l=0,1, 2,3 for three p electrons 


There is a distinct eigenstate for each distinct manner in which | may be formed. 
This gives a total number of 


2x0+1)+32x14+1)4+22x24+1)+(2x34+1) 
=1+9+10+7=27 


states, which agrees with the product 
Qh, + ΤΩΙ; + Ql +1)=3%3x3=27 


For the case of N electrons with respective | values /,, 12, ..., ly, we follow a 
similar procedure. First, we add the angular momenta of the first two electrons. 
This gives 

P=|h +hl,-...h — hl 
To these values we add the angular momentum of the third electron to obtain 


P= “τὲ δ. ον — bl 


+ in 


Ins 
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There is a separate sequence of {5 values for each value of I’. Adding the angular 
momentum of the fourth electron gives 


P=1l + Ἴω} τς." — kl 


We continue in this manner until all individual angular momentum / values are 
accounted for. The final sequence gives all possible values of /. For three electrons the 
sequence of 1” gives all the values of /. For four electrons the sequence for |” gives the 
values of |. 


Addition Rules 


The values of total | obtained by sequential addition as described above may more 


simply be arrived at by the following rule. Consider N electrons with respective 
angular momentum values: 1,,15,..-, ly. These values may always be ordered so that 


Let 


Then we have the following: 
(a) Ifly—A>0, 
(9.117) PSN 


(b) Ifly—A <0, 


(9.118) =o 
(c) In all cases 
N 
(9.119) Haye 


(4) The possible values of / that give the values of total L, 
1? =, +L, +--+ Ὁ Ly? = + Ὁ 
are given by 


(9.120) 1 ||, mm 1, fig 


Nos, 
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As a simple example of this technique, consider the case of two Ρ electrons and one 
f electron (J; = 1, = 1, 1; = 3). Then 
A=1+4+1=2 
1; ~A=3—2=] =/]70 
P*=14143=5 


Therefore, 


l= 1,2,3,4,5 for two p-electrons and 
one f-electron 


The electron orbital angular momentum notation s, p, d, f, ... stems from 
atomic physics. The correspondence between these letters and / values of individual 
electrons follows the scheme ‘ 


symbol Ss ptf ee h 


I value 0 1 2 3 4 - 


This notation will be used again in Chapter 12. 
In Chapter 10 we will see how ΖΞ enters the Hamiltonian for one and two- 
particle systems. The ¥,” functions will take on further significance. They will emerge 
as the angular dependent factors of the energy eigenfunctions for these systems. 
The topic of the addition of angular momentum is returned to in Chapter 
il, where the rules developed above are applied to the addition of spin angular 
momentum. In Chapter 12 these rules are again applied to the addition of orbital 
and spin angular momentum as related to one- and two-electron atoms. 
S 


δας 27-7- 195 


PROBLEMS 


9.39 What are the possible values of / for: Shs 

(a) Four p electrons? 

(b) Three p and one f (1, = 3) electrons? 
9.40 Whatisthe wavefunction (in Diracnotation) for three pelectronsin the state with | =m = 3? 
9.41 Show that the two schemes for obtaining the total / value for three electrons w ith respective 
I values 1,,/,, and /;, as described in the text, are equivalent. 
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9.42 (a) Show that the technique of sequential addition for obtaining total | values in the 
coupled representation gives 


(2h, + D@b + 1)--- ly + 1) 


eigenstates. (Hint: Assume that |, < 1, < --- < ly.) 

(b) How many eigenstates are there for three f electrons? 
9.43 In the uncoupled representation, N electrons are described by the simultaneous eigenstates 
of the 2N operators 


(£2, te 1. 5 ss Ee, Ey) 
In the coupled representation, the N + 2 commuting operators 
7, £,, 0,7, £,....£y7) 
are relevant, and there are N + 2 good quantum numbers corresponding to these operators. One 
suspects that 2N — (N + 2) = N — 2 operators may be added to this sequence, yielding a set of 
2N commuting operators. 
(a) Construct such a set of N — 2 operators, {4,7}. 


(b) Show explicitly that the terms in the sum 4,? commute with the sequence of N + 2 
operators given above. 


Answer (partial) 
(a) The first operator is 
N 
ΔΑ," =a,0,+L,% +40, +£,?4+---= ¥ ἀκμάς τ 1.) 


in Ξε 


The second operator is 


AZ= x Gj, i.:(L, ΞΕ ΡῈ ΞΕ: ΤΣ 


i Figtis 
The (N — 2)nd operator is 
= N 
4,.,) = Σ. ὅκα Oe, Ἐ-.--ἰ Ὁ" 
ip #--#in-y 


9.44. The spherical harmonics ¥;"(6, ¢) are simultaneous eigenstates of £, and £,. How must the 
Cartesian x, y, z axes be aligned with the spherical r, 6, Φ frame in order for this to be true, or is the 
validity of this statement independent of the relative orientation of these two frames? 

9.45 Suppose that L? is measured for a free particle and the value 6h? is found. If L, is then 
Measured, what possible values.can result? 

9.46 The parity operator, P, in three dimensions is defined by the equation Pf(r, θ. 6) = 
S(r, x — 0, + ¢). Show that PY" = (—)'¥;". That is, the parity of ¥;" (odd or even) is the same 
as that of /. (Compare with Problem 6.23.) 
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= 


The eigenfunction corresponding to the eigenenergy (10.75) is 


mQ. 
f= Ast] FPO = I ee le ra? 


[recall (7.59)]. The nth-order Hermite polynomial is written #,, while A, is a normal- 
ization constant. Together with (10.73), this form for f, gives the wavefunction 


(10.76) 


0. Ay] | 0 - v0] ex [-Ξ (Om 90) + ea + 3} 


for a charged particle moving in a uniform magnetic field which points in the z 
direction. 


PROBLEMS 
10.17 The following is a problem in classical physics. The force on a charged particle in a uniform 


magnetic field B is 


F =< om) -ἶν xB 
(a) Show that 


4mv? = constant 


with B = (0,0, 4). 
(b) Show that 


Ρ- = mv, = constant 


(c) Show that the motion of the particle is that of a helix whose axis is parallel to @ and 
whose projection onto the xy plane is circular with constant angular frequency 2. 
(d) Show that the center of this circle in the xy plane has coordinates 


Yo= = + 
2 eB eB ἧ 
cmv, CPy 
Xo = + x= — + % 
oe eB 


Note that p,, canonical momentum, is not equal to mv, for A = (A,, 0, 0). The correct relation 
follows from (1.14) and (10.71). 
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10.18 Show that the operator 


These operators correspond to the coordinates of the center of the related projected classical 
motion in the xy plane. In quantum mechanics we see that although xp and E, or yo and E, may, 
respectively, be specified simultaneously, xp and yp may not be simultaneously specified. 
10.19 (a) What is the vector potential A which gives the uniform @ field (0,0, 4) which in- 
cludes A, = A, = 0? 

(b) What is the form of the wavefunctions @, corresponding to this choice of vector 
potential? How do they compare to the wavefunctions corresponding to A, = A, = 0 found in 


the text? 
(c) Howdo the eigenenergies compare to those found in the representation A, = A, = 0? 


10.20 What is the nature of the frequency spectrum emitted by a charged particle moving in a 
uniform magnetic field? (Assume that the kinetic energy parallel to A does not change.) For an 
electron moving in a B field of 10* gauss, what type of radiation is this (x rays, microwaves, etc.)? 


X 


10.5 THE TWO-PARTICLE PROBLEM 


Coordinates Relative to the Center of Mass 


When dealing with systems containing more than one particle (e.g., an atom), it is 
convenient to separate the motion into that of the center of mass of the system and 
motion relative to the center of mass: This separation is effected through a partitioning 
of the Hamiltonian into a part, Hcy, involving center of mass coordinates, and a part, 


Η ει. containing coordinates relative to the center of mass. 
For example, consider the two-particle Hamiltonian 
2 2 
(10.77) Ha ἔθ Ξ Cade pt! — 1,1) 
2m, 2m, 


The potential of interaction V(|r, — r|) is a function only of the radial distance 
between the particles. For instance, for the hydrogen atom. the interaction V is the 


Coulomb potential 


(10.78) eee 
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~ 


where we have written r for the distance between particles, |r, — r,|. Such potentials, 
which are only a function of the scalar-distance r, are called central potentials. — — 
In the Hamiltonian above, p, and p, are the linear momenta of particle 1 and 
particle 2, respectively, while m, and m, are the respective masses of these particles. 
A two-particle system has six degrees of freedom. These are characterized by 
the parameters (r,, p;; 2, Ρ2). The partitioning of the Hamiltonian into Hoy + Hye 
is generated through the transformation of variables 


(10.79) (τι. P13 Γ2: Po) > (τ, p; 98, 99) 
where 


Pty = 825 P=p,+P2 


(10.80) m2P1 — ™,P2 reed + Μ121 


m, +m, m, +m), 


Using these equations the Hamiltonian (10.77) is transformed to the sum 


Ψ2 Pp 
10.81 = Ξ-.-- Vi =H. 
( ) H IM a [E+ 9] om + μι 
where the reduced mass μ and the total mass M are 
(10.82 eh M +m 
A SS > =m 
) μ m, +m; 1 2 


Equation (10.81) represents the desired separation of H into the Hamiltonian of 
the center of mass, Hoy, and the Hamiltonian of the coordinates relative to the 
center of mass, H,,, (Fig. 10.8). Since 939 is absent in H (i.e., @ is a cyclic coordinate: 


my 


πε 
' FIGURE 10.8 The relative vector r and the 


center-of-mass vector #. In the classical 
motion, 7 = M# = constant = A(0) = 
the initial value of P(r). At any time ᾿ 


PO)t 


At) = Bi 
(t) (0) + M 


Solving the dynamical equations (viz., Hamil- 
ton’s equations) using H,., gives τί), which 
when affixed to #(/) gives the motion in the 
“lab frame.” 
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see Section 1.2), the momentum of the center of mass, ¥, is constant. The center of 
mass moves in straight rectilinear motion, characteristic of a free particle of mass M. 
The motion relative to the center of mass is that of a particle of mass μ᾿ moving in the 
central potential V(r). 


The Transformation of 7 


For the quantum mechanical case, the transformation of Al is again effected with the 
equations (10.80), which are now interpreted as operator relations. Cartesian com- 
ponents of “old” coordinate and momentum operators (Ff, p,; f,, p2) obey the com- 
mutation relations 

[F1j. 61] = ih 
(10.83) Se epee ας 

[?2;, B2j] = ih 
These are the only nonvanishing commutators. With these relations and (10.80), 
one obtains that the only nonvanishing commutator relations for components of 
the “new” operators (ἢ, p; #, P) are 

[?;, Bj] = ih 


(10.84) ιἃ a j= I7123 


Thus, in obtaining 


A= Ao + Are 


" 7: 
(10.85) Hou = I 
" p> 
AL. == + Vi 
1 2μ (7) 


the Hamiltonian is separated into two components involving coordinates that are 
independent of one another. For such cases, the Schrédinger equation has product 
eigenfunctions 


(10.86) Φ = φομίθθ)φ, (8) 
and summational eigenvalues 
(10.87) E = Ew + Ere 
where 

Ag = E@ 
(10.88) Alem @em = Eeu Pew 


Aa Pret = Exe Pret 
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~ 


(a) (b) 


FIGURE 10.9 (a) Spherical angle variables for the center-of-mass radius vector 99. (b) Coordinates relative 
to the center of mass. 


The Schrédinger equation for the center of mass appears explicitly as 


Pp? 
(10.89) ag Pou = ἔεμφεμ 


This is the Schrédinger equation for a free particle of mass M. Its solution was ob- 
tained in the previous section. With the linear momentum F specified, the states are 
vou = Aek 


(10.90) : _ WK? 
Ῥ ΞΕ, Exw= i 


In the representation where Loy? and Ley. are specified, the eigenstates are 
(10.91) Gem = ji AKA), "Oc, Go) 
The spherical coordinates of 99 are (2, Oc, Gc) (see Fig. 10.9a). 


25 Radial Equation for a Central Potential 


The Schrédinger equation for ¢,,., appears as (dropping the “rel” subscript) 


a2 ᾿ 
(10.92) ES + ve fo Ξ- ἔφ 
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For central potential functions V(r), it proves most convenient to express the above 
Hamiltonian in spherical coordinates._The interparticle radius r has coordinates 
(r, 8, Φ) with the polar axis depicted as lying in the z direction (see Figure 10.9b). 
In these coordinates the Schrédinger equation above becomes 
p2 [3 


(10.93) Ho [% + ur? + ve) Jo = Eo 


First, we note that £? and £, both commute with A. The remaining components in H 
are all isotropic forms and are therefore unaffected by angular momentum operators. 
It follows that A, £?, and £, have simultaneous eigenstates. These are given by the 


product form 

(10.94) e = ROY", >) 

Substituting this solution into the Schrédinger equation above gives the “radial” 
equation 


Ὁ 2 
(10.95) ΙΞ + ee ae # ve Re) = ER() 


This is an ordinary, second-order, linear differential equation for the radial de- 


pendent component of the wavefunction R(r). Since only one variable is involved in 
(10.95), it is suggestive of one-dimensional motion with the effective potential 


2 
(10.96) Vie) 4 
2ur 


The second term in this expression is called the “angular momentum barrier.” It 
becomes infinitely high as r - 0 and acts as a repulsive core, which for / > 0 prevents 
collapse of the system (see Fig. 10.10). 

The normalization of the eigenstates (10.94) is given by the integral 


(10.97) <RY"|RY") = Ε dr r? dQ\R(r)¥;"(0, $)|? = 1 
9 


4π 


= i r?|R(r) 7 dr = 1 


0 


The radial displacement r separates the two particles m, and m,. If we envision 
particle m, at the origin, then 


(10.98) Pr? dr dQ = |R(r)Y;"(0, @)|?r? dr dQ 


angular momentum Vere 
barrier 


#11 +1) 
r2 


Discrete, 
bound 


states 


effective 
potential, Voge 

(b) 
Interparticle 
potential, V(r) 


(a) 


Vege 


δ (d) 
FIGURE 10.10 (a) The effective potential in relation to the angular momentum barrier 


2 
V2 veyed, 
i + 


(b) Nature of the quantum mechanical energy spectrum for central potential problems. (c) The classical 
motion corresponding to the energy E. Shaded regions define classically forbidden domains. (d) The effective 
potential energy Κ΄ α for hydrogen for several values of the orbital quantum number /. Units of r are angstroms. 


Veg is in units of 107** erg. 
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uh particle 


ae of FIGURE 10.11 Probability of finding 
Ξ the fictitious j: particle in ἃ spherical shell 
volume of shell=4ar2dr between r and r + dr is 


Ρ, dr = | R(r)r|? dr 


This is also the probability of finding ™ 
in a spherical shell about 7, in the con- 
figuration shown (or m, ina shell about 


m2). 


is the probability of finding m, in the volume element r? dr dQ about m, (an equally 
valid statement is obtained with m, and m, reversed). What is the probability of find- 
ing m, in a spherical shell of radius between r and r + dr, about m,? The answer is 


(Fig, 10.11) 
(10.99) Ρ, ἀν -- ([ Pr? ao) dr = |R(r)[?r? dr = |u(r)|? dr 
an 


so that 
[ Ju(r) |? dr = 1 
ο 


The classically forbidden domains (see Chapter 1) correspond to values of r 
for which E < V. The related property for a spherical quantum mechanical system 
is that the probability density ju(r)|?, becomes small in these domains (see Figs. 
10.10c and 10.12). 


FIGURE 10.12 The radial probability ampli- 
tude u; corresponding to the energy E decays to 
zero in the classically forbidden domain. 
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Having found the radial function R(r), in a specific two-body problem, the wave- 
function for the system relative to the laboratory frame (as opposed to the center-of- 
"mass frame) is either of the forms ᾿ ἢ i 7 
6 = Ae™ "ROY", Φ) 

@ = jr (KB)Y "8c, PROV", $) 
In the first representation, the six parameters (#; L”, L,, E) are specified. In the second 
representation, the six parameters (Ec, Low?, Lem_; 17, Lz, E) are specified. 


(10.100) 


Continuity and Boundary Conditions 
Some general properties of the radial wavefunction are as follows. With R(r) every- 


where bounded, we note first that u(r) = rR(r) must vanish at the origin.'! For 
r > 0, with energy E and potential energy V(r) bounded, the radial equation (10.95) 


indicates that 
18 1.8 
2 SS ..-:: 
BPR) = ὅς [2 «| 


is likewise bounded. It follows that du/dr is continuous. The existence of this derivative 
implies that u(r) is continuous. The latter two conditions infer continuity of the 
logarithmic derivative 


These conditions on the wavefunction in spherical coordinates are employed 
in obtaining the ground state of the deuteron (Problem 10.30) and in construction 
of the bound states of the hydrogen atom as described in the following section. They 
will also come into play in construction of the states for low-energy scattering from a 
spherical well (Section 14.2). 


PROBLEMS 


3921 Consider a two-particle system. The momenta of the particles are p, and p2, respectively. 

(a) What is [,, 6]? Explain your answer. 

(b) Use the dnswer to part (a) to show that [p, #] = 0, where pis the “relative” momentum 
[defined in (10.80)] and # is the momentum of the center of mass. 

(Ὁ) The particles interact under a potential that is a function of the distance between them. 
As shown in the text, transformation to coordinates relative to the center of mass effects a par- 
titioning of the Hamiltonian, A = Acy + Ay... What is [Acu, Aye]? 


τ Dirac obtains this boundary condition from the stipulation that solutions to the Schrédinger equation in spherical 
coordinates agree with those obtained in Cartesian coordinates. For further discussion, see P.A. M. Dirac, The Principles 
of Quantum Mechanics, 4th ed., Oxford University Press, New York, 1958. 
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10.22 Prove that the following equations are compatible with the transformation equations 
(10.80). 


@ +3 -=5 


(δ) mary + mgr = wr? + MA? 
(c) Ρε Τὶ ἜΡ; 17 =prr+ 9.68 
(d) 1, +L,=L+Lcmu 
In part (d), 
L, =r, ΧΡ, L=rxp 
L, =f ΧΡ, La, = 2x 2? 


10.23 Ata particular time, the wavefunction of a mass m moving in ἃ three-dimensional potential 
well is 


g=Axty+ze 
(a) Calculate the normalization constant A. 


(b) What is the probability that measurement of L? and L, finds 2h? and 0, respectively? 


(See Table 9.1.) 

(c) What is the probability of finding the particle in the sphere r < Κο 7 
10.24 For a two-particle system (m,, m2), what is the fractional distance to the center of mass 
from m, and m3, respectively? What are these numbers for hydrogen? 
10.25 Let e be a unit vector in an arbitrary but fixed direction. Show that the commutators 
between the components of f and p, respectively, with the component e* L obey the relations 


[, ε- [1 = ihe x p 
[f.e-L] = ihe χ ἢ 


10.26 Use the results of Problem 10.25 to show that p?, #7, and f+ p all commute with every 
component of L. Then show that every component of L commutes with any isotropic function 


f(r). 


Answer (partial) 
If the statement is true for arbitrary e, it is true for all components of fe 
[6?,e-L] = plp,e- 11 + [p,e-L]-p 
=ih(p-expt+exp:p)=0 
10.27 Two free particles of mass m, and m2, respectively, move in 3-space. They do not interact. 
Write the eigenfunctions and eigenenergies of this system in as many representations as you can. 


Indicate the number of parameters specified in the eigenstates associated with these representa- 
tions. 
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~ 


10.28 Write down the time-dependent wavefunction corresponding to eigenstates for a two- 
particle system in the two representations (10.100). = Ξε -- 
10.29 Consider two particles that attract each other through the potential 

h?K? 


Vn) = -—> 
(r) μη 


The displacement between particles is r, K is ἃ constant, and μ 15 reduced mass. In states of definite 
angular momentum, what are the values of the angular momentum quantum number / for which 
the effective force between particles is repulsive? 

10.30 In Problem 8.1 the depth of the potential well appropriate to a deuteron was evaluated 
using a one-dimensional approximation. A more refined estimate may be obtained using a 
three-dimensional spherical well with characteristics 


Vr) = -IVI1, r<a_ regionl 
V(r) = 0 r>a region II 


(a) Construct components of the ground-state wavefunction in regions I and Il, re- 


spectively. 
(b) Show that matching conditions at r = a give the dispersion relation 


n= -ζοοῖς 
pastry 
where _ 
2m| V |a? : 
i= aa ἔξε Κα, ἡ Ξ κα 
h? 2 24-2 
ΙΕ = elie) = 
2m 


(c) To within the same approximation suggested in Problem 8.1, obtain a numerical 
value for the depth [ of the three-dimensional deuteron well. From the ratio | E|/|V| for this 
bound state, would you say that the,deuteron is a strongly or a weakly bound nucleus? 


Answers (partial) 
(a) Component wavefunctions in the well domain, region I, are the spherical Bessel 
functions. The ground-state component is therefore 
sin kr 
kr 


= 


In region II the component ground-state wavefunction is exponentially damped. 


a5 “ 


e 
φῃξ 
kr 
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(b) Here one must invoke continuity of d In u/dr. 

(c) You should obtain the answer |E|/|V| = 0.08. This value implies that the binding 
energy is small compared to the depth of well, and we may conclude that the proton and neutron 
are weakly bound. A sketch of the normalized wavefunction further reveals that there is approxi- 
mately only one chance in three that the nucleons are closer together than the well radius a. 

10.31 Show by explicit calculation that the eigenfunctions and eigenenergies as given in Table 
10.2 are correct for each of the three respective “box” configurations shown. (Primes denote 
differentiation.) %, 


TABLE 10.2 Solutions to the three fundamental box problems in quantum mechanics 


The Rectangular Box The Cylindrical Box The Spherical Box 


Edge Lengths a,, a2, a3 Radius a, Height b Radius a 


Hamiltonian 
= (p.? + py + ΡΜ A= (6, 


ὃ 2 
δ = (-#2) 
OX, 


Eigenfiinction 


—_~ + 
aie 
5. Ὁ 


φρι = Aga Sin k,x sin k,y sin k,z 
(Αι = 8/a,a2 43 
sin k,a, = sin k,a, = sin k,a,; = 0 


Wave Equation 


«2 
dx? 

Eigenenergy 

Ej, She 


+) sin kx τὸ 


+k? + 


κι) 


i 


M 


Pan = AgmnI mK mn?) sin k, ze"? 
(Agna)? = 2/2b[ aI m(Kmn@) 1 
sin kyb = Jn(Kimndt) = 0 


Bessel’s Equation 
d y i 
x—} +1- 
dx 


+k 2)2M 


E gman = VO CK mn 


Pnim = AnimiilKint)¥ "0, ΦῚ 
(Antm)? = 2/Kinl@? ii Kin α}]} 
jkina) = Ὁ 


Spherical Bessel Equation 
( ld 
x dx 


Eq, = tk, 2/2M 


4} = 0 


10.6 THE HYDROGEN ATOM 


Hamiltonian and Eigenenergies 
The epetve) Hamiltonian for the hydrogen atom (more accurately, for a “hydro- 
genic” atom! of atomic number 2) appears as 


= De ΤΣ Ze2 
(10.101) Ἢ Ξ aoe 


The corresponding Schrédinger equation is 


Γ: 2 
(10.102) + ΕΣ ἐπ Ἱρ -- Eo —|Elo 


We are seeking the bound states of hydrogen. These correspond to the negative eigen- 


energies, E = —|E]. Setting φ = R(r)¥;"(6, ¢) in the latter equation gives the radial 
equation (10.95) 
πα {1 d? ἈΞ - 1) Ze? : 
. τος E||R 
co) [ 2μ ( dr? ἢ ΠΑ 2ur? r it 2 


Changing the dependent variable to 
u=rR 


introduced previously in (10.99), gives 


2 2 
( ἀ  Kl+1) Ze + lly ᾿ 


aoe dr? ἘΣ Ὧ h? 


Introducing the notation 


hx? 


= 2κγ, SSS ΛΕ 

p = 2kr, 7 [ΕἸ 
2 2 

(10.105) P= ee ee 
Kao |E| 

h? h 


So ag 
2μαρ One ie 


* Hydrogenic atoms are atoms that are ionized with all but one electron bound to the nucleus which carries the charge 
+Ze (e.g., He*, Li*™, etc.). 
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where R is the Rydberg constant! (2.13) and ag is the Bohr radius (2.14), the radial 
equation may be further simplified to the form 


au Kl + 1) ah 
(10.106) ΞΕ ὅς 2. ἢν -ὸ 
For large values of p this equation reduces to 
duu S 
Pre © ae 


so that 
u ~ Aen ?!2 4 Berl2 
In order that u vanish as p 00, we set B = 0, so 
u~e?? — (p> ow) 
In the neighborhood of the origin, (10.106) reduces to 
2. 
‘a7 oe a6 
Substitution of the trial solution u = p? gives 
u~ Ap! + Bp'*? 
In order for u to vanish at the origin, we must set A = 0. This gives 
u~ pi? (p> 0) 


With these two asymptotic forms at hand, we are prepared to solve (10.106) through a 
polynomial expansion. Solution in the form 


u(p) = e-?? p!*1F(p) 


kes 


10.107 ΤΥ 
(10.107) Ἐ()-- Σ διρ' 


with F finite everywhere, gives the proper behavior at p ~ Oand p ~ ©. Substituting 
(10.107) for u into (10.106), we obtain 


2 
(10.108) [oa “Crp Ξ nz == afew =0 


Note that for a given value of the orbital quantum number /, this is an eigenvalue 
equation with eigenvalue 4. The values of A (or, equivalently, the eigenenergies, 


‘ The Rydberg constant written with min place of  (ie., assuming infinite proton mass) is sometimes written R,,. 
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|E}) are those values which ensure that F(p) is finite for all p. Substituting the series 
(10.107) into the latter equation and equating coefficients of equal powers in p gives 
the recurrence relation 

i+]+1)—-A 
(10.109) Spe ee! 


(ἰ + DG + 2] + 2) 
In the limit that i > oo, this relation becomes 
Ό, 


Cita ~ i 


C; = Ta C; 


which is the same ratio of coefficients obtained in the expansion 
i ρ' 

&=) Cpi= π 
Cit dt 1 if 


Greil) μεν ἢ ΤΟ 


It follows that the form of μ(ρ) generated by the series (10.107) behaves as 
u(p) ~ e7P/2p!* te = ePl2 pitt 
which diverges for large ρ. To obtain a finite wavefunction, the expansion (10.107) 
~—- for any given value of ] must terminate at some finite value of i, which we will call imax. 
At this value of 7, Γῃ = 0. Since all parameters in (10.109) are positive, I’, can only 
vanish if 
ln + lee =A 


The function u so generated is a polynomial and, due to the exponential term in the 
form (10.107), we see that. as demanded, the wavefunction is finite everywhere. 
Since i and / are integers, it follows that 1 is also an integer, which is calléd the 
\ ρπίπαιραὶ quantum number. n. 


n= ina tl+1 


Thus the above cutoff condition on the series (10.107), which ensures that μ(ρ) is 
finite for all p, also serves to determine the eigenenergies A. 


ZR 
λ,3 -- πῶ - 
[Ε,] 
ZR 
(10.110) E, = —|E,| = -- 3 


These are the same values found previously in the simpler Bohr model (Section 2.4). 


Laguerre Polynomials 

The hydrogen eigenfunction corresponding to the eigenvalue E, is given by (10.107) 
with the series over i cut off at the value 

(10.111) Imax =n —1—1 


and the recurrence relation for the coefficients {C;} given by (10.109). 


4 
Un(p) = e-?7p'*1F,(p) = Ane 0129 ee 


Cp! 
(10.112) τὶ 
Cin Ξ Ta, ΡΞΞΩκ, Ἐν Ἄρτα 
agn 


where A,, is a normalization constant. The polynomials F,,,(p) (of order n — | — 1) 
so obtained are better known as the associated Laguerre polynomials, 1.211} 1-1 (see 
Table 10.3). The reader should take note of the fact that the scale of length p changes 


TABLE 10.3 Eigenfunctions of hydrogen in terms of associated Laguerre polynomials 


The Normalized Eigenfunctions of Hydrogen (Z = 1) 
Prints 8, 6) = —S ¥/"(0, 6) = Ralr)¥:"(0, 6) 


p=2kr= Ἢ |Rylr)|?r? dr = 1 
den” 
(n—1I-—1)! 1 zy" ᾿ 
ya ᾿ΙΞΞΕΣ ΞΞΩΞΞΟΣΣς ΞΞΕ . 1... -ς--ὄ πιιζιαο)ν 
ἰώ 2n[(n + DP se /8n @ Ξ: 


πτιτ-ι (=1)'[(@ + D!72p' 
at Ee 
ἘΞ Lace 10) = Himes (=) peep =aiGiasi a Di 


Associated Laguerre Polynomials L}(p) and Laguerre Polynomials L,(p) 
Differential equation: 


[os ται eee Lip) = 0 
? ip q Ae, ΡΠ) = 


Generating function’ 
en Psi(i-s) Ὁ » 


5 
π - οι = x Gane Lip), [6(0) = p! 
= ! 


Orthonormality: 
0 3 
[Cetongey ap = OT 5 . 
Ὁ Pp! 
(Continued) 
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TABLE 10.3 (Continued) 


Rodrigues’ formula: 
ἐν 2" 
Lilo) = L3lp) =e” Fo (ere", Lalo) = 1 ~ py Lap) =21(1 -29 +5) 
Ly) = (- να τας, fon) - \ 
ot dp* ‘qt pi 


Recurrence relations: 
ΡΠ Κρ) = 2p + 4 + DL{) — [Pp + DP + 4 + 1118 1(ρ) = (P + 4)}18.. χ(ρ) 
d 
(2 ΕΝ τὶ vex) = (Pp + ἡ. τ 1(ρ) 


d 
ἄρ 13) = - ΠΣ ΊΩ) 


Relation to Other Notations 


Alternative notations for the polynomial Lj may be found in other texts. The relation between this 
notation (B) and our own (A) is given by the following table.* 


Notation A Notation B 
(c.g., found in Merzbacher, Messiah, and here) (c.g., found in Pauling and 
Wilson, Schiff, and Tomonaga) 
Cys 1 8 
A(L3)" + (4 + 1 — pXL$Y + pL = 0 ACL § +4)" + (4 + 1 — p\(L344)' + PLdeg = 0 
Κρ = A(2K)?2e7 9? E25! (ρ) Ru = —A(2x)?/7e7 9/2 p'L 244 1(ρ) 
Lj is a polynomial of order p L344 is a polynomial of order p or, equivalently, 


Ὁ is a polynomial of order (ὁ — a) 


The first row in this table tells us that L¢ is written L¢,, in notation B. The second row indicates that 
both L functions satisfy the same differential equation. The third row gives the forms of the radial solution 
R,, in both notations, Still another notation appears in I. 5. Gradshteyn and I. M. Ryzhik,’ where 


LXo)[here] = (p + q)!L{(p)[G and R] 


*E, Merzbacher, Quantum Mechanics, 2nd ed., Wiley, New York, 1970, 
A. Messiah, Quanturz Mechanics, Wiley, New York, 1966. 
Το Pauling and E. B. Wilson, Introduction to Quantum Mechanics, McGraw-Hill, New York, 1935. 
L. Schiff, Quantum Mechanics, 3rd ed.. McGraw-Hill, New York, 1968. 
S. Tomanaga, Quantum Mechanics, North-Holland, Amsterdam, 1966. 
51. 5. Gradshteyn and I. M. Ryzhik. Tables of Integrals, Series and Products, Academic Press, New York, 1965. 
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with different values of n. This is due to the radial displacement r being nondimen- 
sionalized through the wavenumber x,,, which is dependent on n. 


Degeneracy 
Since i,,.. = 0, with (10.111) we obtain 
I<n-1 


So for a given value of the principal quantum number n;the orbital quantum number | 
cannot exceed the value 


(10.113) (eae 


This corresponds to the values | = 0, 1,2,...,(n — 1). Each of these ἰ values corre- 
sponds to different values of i,,,, and therefore different wavefunctions. Inasmuch as 
the eigenenergy E,, depends only on the principal quantum number n, these n distinct 
orbital states are degenerate. For instance, there are three distinct radial functions 
that correspond to the eigenenergy Ες. These are 43,9, U3,1, and uz 5. 

The complete eigenstate of the Hamiltonian (10.101) contains the factor 
¥"(@, Φ) [see (10.94)]. For each value of J, there are 2] - 1 values of m: 
m, = —I,..., +l, which correspond to distinct ¥;" functions that give the same 
eigenvalues of £? [i.e., A7I(1 + 1)]. All these 2/ + 1 functions when substituted into 
(10.102) give the same radial equation, (10.103), which contains only the orbital 
number ἰ. It follows that for each solution u,, of (10.106), there are (2/ + 1) solutions 
to the Schrédinger equation (10.102) corresponding to the same eigenenergy E, 
(see Table 10.4). In this manner we obtain 


n-1 


(10.114) degeneracy of E, = Σ᾽ (2) + 1) =n? 


1=0 


TABLE 10.4 Allowed values of / and mm, for n = 1,2,3 


n 1 2 Ϊ 3 

1 eine 1 | 0 1 2 
Spectroscopic | 1S 25 2P 3S 3P 3D 
notation of | | 
state | 

my | 0 Γὺ SRST ὁ Spare Sas as 
Degeneracy | 1 4 9 
of state 
(n?) 
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m=+/] 


m=2 

1 

0 

τὸ 

=2 

m=) 

0 

ΞῚ 

Ss m=0 


FIGURE 10.13 Term diagram for a hydrogenic atom illustrating all n? degenerate states corresponding to 
the principal quantum number n. 


To recapitulate. the allowed values of n, ἰ, and m are (see Fig. 10.13) 
e235 t 

(10.115) 1=0,1,2,...,(2—1) 
15:55: (ES Bee I ae Be 


Additional Properties of the Eigenstates 


The eigenfunctions and eigenenergies of the hydrogenic Hamiltonian (10.101) are 


Punts 8, 6) = Rulr)¥i"(0, 6) 


(10.116) ΓΞ ee 
ees ZR _ _ WZe*)? 
ἐ re — 2h? n? 
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Continuum free-particle: 
states 


“1358 eV 70.5 Bound states 


=O:75 


FIGURE 10.14 Energy-level 
diagram for hydrogen, including 
the / < 5 terms. Energy is meas- 
i>) ured in units of R. 


A term diagram of these energies is given in Fig. 10.14 (compare Fig. 2.8). The normal- 
ization constant A,; (see Table 10.3) is determined by the condition 


<Pntm| Pnim> = i ao | dr Prim Pnim 
4n 0) 


- Lut |p|? dr = 1 


Note also the orthogonality of these functions 


Qn |Pnim> = Onn Ox Omm’ 


The Ground State 


To construct the ground state @,9) (n = 1, 1=0, m= 0) we must first find 4. 
From (10.112), with Cy = 1, and inserting the normalization constant! Ajo, one 


obtains 
U9 = Ayoe "7p 


ὁ Alternatively, we may take Cy = Ajo. 
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Normalization gives 


This gives the normalized ground-state wavefunction 


ee Ee 2r δ΄ "ίαο 
16 σΞ- 372 
/ 40 ao 
== ο΄ "ίαο 
Rio — r = a 

2 

ria 

P00 = Rio %° om 


= (4x)/?a,3? 


Additional Properties 


The first few normalized eigenstates of hydrogen, with corresponding eigenenergies 
obtained as outlined above, are listed i in Table 10.5. 


TABLE 10.5 


Spectroscopic Several Normalized Time-Independent Eigenstates 
Notation of Hydrogen 
2 
1s P100 = -- δ ΤΥ 48, δ) 
ag 
2 ἜΞ 
25 Φχοο = Gaz τ r/2apje~"**°¥ 4°(8, 4) 
2P (O21 ( Y;*(@, 4) \ 
πιο τσ | γ 000, 4) 
(ze V3@aq)?? 40 Υ, τ ἴθ, Φ) 
2 
eae 2300 = 3Ga2 [3 = 2r/ap + 2(r/3a9)?Je-"3¥ (6, 4) 
3P Gar = ¥,"(6, ¢) \ 
ἄν 72. Ν f 
[τὸ -τ Ὁ ~ πίδαρλε-" ~( ri 4) 
Φ3,- = Ὁ Y,~'@, φ) 
30 322 22 fr)? _,, | Ow 
PE) 27 /sGaee ea) EO 
Pig] 65), τὸ ¥2%(6, Φ) 
932-1 Y,~*(0, 6) 


$32-2 Υ7, 300, 6), 


Py = 4παρι, ἢ 
5 
4 
Ss, 
2 
1 
x 5 10, 15 20 
r/ag 
3 
: @) 
1 
0 = 
5 10 15 20 
rlag 
2 
1 
0 
5 10 bs 20 
rlag 
@) 
2 
1 
0 
5 10 15 20 25 
γίαρ 


3 
: 
1 
0 
5 10 15 20:.ὄ ἢ 55 


γίαρ 


5 10 15 20 
rlag 


Ry = A977 Ry (r/a9) 


rlag ° 


0.0 
10 15 
γί αρ 
0.6 
Ry 
0.4 
0.2 
0.0 
5 10 15 
rlag 
0.3 
02K 30 
0.1 
0.0 3 
10 15 
rlag 
0.3 Ξε 
0.2 Καὶ 
0.1 
10 
0.0 
5 15 
rlay 
0.3 
0.2 Κι 
0.1 
ὃ 5 » Τὸ 15 
r/ag 


FIGURE 10.15 Nondimensional radial probability density P and nondimensional radial wavefunction R, 
vs. nondimensional radius r/ay , for hydrogen. Note that the probability density P exhibits the shell structure of 
the atom. 
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FIGURE 10.16 Probability density, 
|@atm|?s for various states of hydrogen. 
The plane of the paper contains the polar 
axis, which points from the bottom to 
the top of the figure. From Principles of 
Modern Physics by R. B. Leighton. 
Copyright 1959 by McGraw-Hill. Used 
with permission of the McGraw-Hill 
Book Company. 
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In Fig. 10.15 nondimensionalized radial functions, μι = 4o?/?Rn» are plotted 
together with the corresponding nondimensionalized probability density functions, 
Puy = 4παριι,ιἦ = 47a P,. These sketches reveal the shell structure of hydrogen 
found earlier in the Bohr theory. 

The time development of the states of hydrogen follows from (3.70). Consider that 


(10.117) WF, 0) ="Pnim = Rr Yi" 

The state at time t > 0 is then “: 

(10.118) Wr, ἢ =e MYCE, 0) = enim 
The charge density associated with this state is 

(10.119) gtr, t) = οἰ ψεικίτ, 1? = 402) = εἰ Prin)? 


which is independent of time. The electronic charge is e. Thus the atom suffers no 
᾿ radiation in these states. This topic will be returned to in the next section. 

The density configurations, | @ntm|?» Corresponding to some of the eigenstates of 
hydrogen are sketched in Fig. 10.16. Since the angular dependence of | Pntm|? iS en- 
tirely contained in the factor |¥"/2, it follows that |@nm|? is independent of the azi- 
muthal angle @ [see (9.78)]. It is rotationally symmetric about the z axis. Thus we 
need only present a representation of | ¢|? in any plane which includes the z axis, such 
as is depicted in Fig. 10.16. The value of |@|? is proportional to the density of whiteness 
in each of the states depicted. = 


PROBLEMS 


10.32 With Cp = 1 in the recurrence relation (10.109), obtain C,. Then use (10.112) to show that 


tots Arare(1 = 1) 
2αὉ, 
Calculate Azo and @209. Check your answer with the value given in Table 10.5. 
10.33 Show that u;9° has its maximum at r = do, the Bohr radius. 
10.34 Solve the equation f, + f = 0 by expansion technique and check with the solution 
fede? 


Answer 
Assume that 
vc Be Cx! 
0 


to obtain 
« : « : 
Σ Gix'-1 + Y x! =0 
ο 0 
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With s = i — 1 in the first series, we get 
Σ Curis + Dx8+ Y Cx’ =0 
s=-1 i=0 


Since the first term in the first series is zero, we may write this equation in the form 
ω 
Σ (Ci41G + 1) + CJx' =0 
i=0 


which is satisfied if and only if 
C; 


Cra ea 


10.35 The average energy of the hydrogen atom in an arbitrary bound state 7(r) is given by the 
integral 
(ΕΣ = G@IAl Ze) 
Show that 
«(ΕΣ = <100) H|100> = E, 


Answer 
Since ¢(r) lies in the Hilbert space spanned by the basis ἔφ, κι}. we May expand 


ὦ πὶ ἃ 


ΙΧ ξ Σ Σ Σ δηκιαϊπίμις 


n=1i=0 μιξξ --ἰ 
so that 
ALD = LYE lO nt! En 
nim 
pais! 


(The ket vector |7/m> represents the state ¢,,,,,.) Owing to the fact that all eigenenergies are negative, 
E,, < 0. the statement to be proven is equivalent to the inequality 


[ΚΕ] $1211 


. KE Ξ- ΣΣ ΣΊΡΙΡΙΕ, ! 
S|Elmex ΣΙ Σ Σ 11? = |Elmax ΞΊ ΕΝ) 


10.36 (a) What is the effective Bohr radius and ground-state energy for each of the following 
two-particle systems? 

(i) H?,a deuteron and an electron (heavy hydrogen). 

(2) Ηε΄. ἃ singly ionized helium. 

(3) Positronium, a bound positron and electron. 

(4) Mesonium, a proton and negative μ᾿ meson. The μὶ meson has mass 207m, and 

lasts ~10~°s. 
(5) Two neutrons bound together by their gravitational field. 
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(b) Calculate the frequencies of the (n = 2) > (n = 1) transition for each of the systems 
above. 
10.37 Αἱ time ¢ = 0, a hydrogen atom is in the superposition state 


We, = as [ew + Ate iY, + "τ Vix| 
(2a9)*' ἂρ 

(a) Calculate the value of the normalization constant A. 7 

(b) What is the probability that measurement of L?-finds the value HL + 1)? 

(c) What is the probability density P,(r) [see (10.99)] that the electron is found in the shell 
of thickness dr about the proton at the radius r? 

(d) At what value of r is P,(r) maximum? 

(e) Géiven the initial state y(r, 0), what is W(r, t)? 

(Ὁ What is W(r, ὁ if at r = 0, measurement of L, finds the value ἢ 

(g) What is (r, ὃ ifatt = 0, measurement of L, finds the value zero? 


(h) What is the expectation of the “spherical energy operator,” (Hs), where 


p? 
2μ 


A,=A- 


atr=0? 
(i) What is the lowest value of energy that measurement will find at t = 0? (Lowest means 


the negative value farthest removed from Zero.) 

10.38 Find the lowest energy and the smallest value for the classical turning radius of the H-atom 
electron in the state with | = 6 (see Fig. 10.10). 

10.39 In what sense does the Bohr analysis of the hydrogen atom give erroneous results for the 
magnitude of angular momentum, ὅν 


Answer 

The Bohr analysis that yields the eigenenergies —R/n? assumes circular orbits. Circular orbits do 
not exist in the Schrédinger theory. Quantization of the action, po dO, in the Bohr theory gives 
L = nh. In the Schrédinger theory, the maximum value of L is h./n(n — 1), which is less than the 
value that L assumes (nf) in the Bohr theory. 

10.40 What is the ionization energy of a hydrogen atom in the 3P state? 

10.41 Show that R,,(r) has (n — ? — 1) zeros (not counting zeros atr = Oandr = oo). 

10.42 (a) Show that the expectation of the interaction potential V(r) for hydrogenic atoms is 


Zi 2 Ze, 4 
<nlm|V()|nlm> = — =) = eee 
r hen 


(b) Calculate <nlm| T|nlm>, where the kinetic-energy operator T is given 


What relation do <T) and <V) satisfy? (The virial theorem.) 
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10.43 Obtain an explicit expression for the probability density P,(r) corresponding to the state 
whose energy is Ez, for a hydrogenic atom [see (10.99)]. 


Answer 

There are four degenerate eigenstates corresponding to the energy E. Since no direction is 
preferred for a Hamiltonian whose only interaction term is the central potential V(r), all these 
degenerate states carry the same “weight” (all Im states are equally probable). There results 


5 it 
4nP(r)r* dr = Ϊ 4 ἰφΞοοὔφζοο + @21—1*@21-1 + Φχιοΐφχιο + P211*P 21111? dr dQ 


an 
Lis Zr\? Zr\7 [1 1 
= : ( ) er Hl (2 Se ( sin? @ + - sin? @ + cos? 0) 
4g 1287 \ao, do a) \2 2 
x dr dQ 


moe aelomt 2) +I} anne 
Ὁ ~ 128πλαρ, Ε caesaa Go} i ge) ner) 


10.44 Givea physical argument in support of the conjecture that the sum 


ἈΞ Ὁ +1 
si PPL Rul 


ΞΟ m=— 


is independent of θ or ¢. 


10.45 Show that for a hydrogen atom in the state corresponding to maximum orbital angular 


momentum (/ = n — 1), 


<n,n — 1|r|n,n — ΤΣ = agn(n + 4) 


{πη — 1 fr? [n,n — 1) = ao2n*(n + 1)0ι + ἢ 
10.46 Use the results of Problem 10.45 to show that for large values of n and /, 


Je? -ο dagn? 


That is. show that for large values of n, the electron is localized near the surface of a sphere of 
radius agn? and has energy which is the same as that of a classical electron in a circular orbit of 


the same radius. Recall: (Ar)? = <r?) — <r>?. 


THE HYDROGEN ATOMi 


10.47 Calculate <r) in the state ¢,,,, of hydrogen. 


Answer 
<r) = €,<x> + εἰζνΣ + ε,(2) 
= {ff cos ¢ sin 0} ¥"|?Ry2r? dr d cos 0 db 
=0 
since Fz 
2π τ΄ 
cos Φ dé =0 


0 


and | ¥"|? is independent of ¢. Similarly, <y> = 0. For {2) we must calculate 


= 
(2) Ξ [ !Ρ 12 cos 6d cos θ [- 
1 


Uy 


Using the recurrence relations listed in Table 9.3, we find that <z> = 0. It follows that <r) = 0. 


10.48 Establish the following properties for hydrogen in the stationary state jin. 


@ reas Sat Ξ [ΟΙ + 1)? — s?Jap2¢r-2) = 0, 5: —21—1 


"2 


1 (i+. 
(Ὁ) <r = ml ΞΕ Ξ (! ve ἐΐ Z ἢ a 


τεῦ 
Θ τοῦ > Gis Data? 


1 
(ὁ @> = 3 [5n? + 1 -- 3|(]-Ὁ 1)]n7a* 


(2) ae 
©) r/ Wao 


1 2 
© (4) ~ aol + Ql + 1) 


[Hint : Multiply (10.106) by {o°*!u’ + [Ὁ + 1)/2]p} and integrate by parts several times. Note 


that for hydrogenic atoms, do is replaced by ao/Z.] 

10.49 Show that the most probable values of r for the / = n — 1 states of hydrogen are 
ἢ =n’ag 

These are values that satisfy the equation 


d 
ἘΞ (uy)? = 0 


